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What 1s game theory?
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What 1s game theory?
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What 1s game theory?
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Classic Example : Prisoners’ Dilemma

A0SR e N 2 BldR s, MR A F 4. B2
B HTCTE LS.
EEZR[ERIR 3 I A=V &
RN, RPCHONEEEIRAE, ABR—H.
IR A, AR GANIRNAH.
R — NFINT 55— NEAEE, A —T7 5 B3R,
15 25— N FINIRILA A

Prisoner 2
Mum Confess
Mum -1, -1(-9, O

Prisoner 1

Confess 0
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Example : The battle of the sexes

ESFFI TAES B, Chris fiPat W25 8 e b2 & ai R 5& 5
EZE.
Chris 1 Pat #{%0E L 5 &

AN NER IR B AE— tf“ XA

{H 2 Chris 5 = X EK .

Patll] 55 = ¥k 2517
Pat

Opera Prize Fight

Opera
Chris 2., 1 Vg ©

Prize Fight o, O 1, 2

Game Theory--Chapter 1
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Example : Matching pennies

M2 5 NHH —MAE .
M2 5 N AN i3 2 Headi# ik 2 TailsH L.
Wi/ 2 55 \HR 13 L B
A SR P ACEE M EC YT (both heads or both tails) , 425
HAN2kmBEZ5 NHeEm.
a&N, Z25 NMM=mEzs5 A28 .
Player 2
Head Tall
Head -1, 1 1, -1
Tail 1, -1 (-1, 1

Player 1

Game Theory--Chapter 1
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Static (or simultaneous-move) games
of complete information

—AES (EENATED HIEUER R

— A5 \EE (B
WS 5N

BB 5 NEH —
W 4/ Bl

A2 5 N B R e Al
&, BB VR FTRLT
1 S 4L 5 BT A5 U

)

=k

{Player 1, Player 2, ...
Player n}

S, S, .S

n

ULSy Sy -..8,), for all

SIESI, SZESZ, [ X X SnESn.
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Static (or simultaneous-move) games
of complete information

E 4T3 (Simultaneous-move)
A5 NAEIEFA b 7 s B A RE A= 5 A
PIEFE.

245 5. (Complete information)

A2 5 NSRS AN & B AL 2 BT 2 5 ARIIE

5] %12 (common knowledge ) .
X125 NEkik
#HPE (Rationality)
Z5 NH B B2 A0 i e o KA
Z5 N2 mENiHEH
N5 NAHEREMmSE N2

Game Theory--Chapter 1 43



Static (or simultaneous-move) games
of complete information

25 NERE1E?
AN BAMUNE BIEES1EHZE  (non-cooperative
games )

N5z

BB 5N § 1E A EAR N BRE SRS R 15
fity /A S s,
RIEHAB 5N | BRI

U(S1s Sy eees §,)-

RN,
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Definition: normal-form or strategic-
form representation

—INEFGHI b ELC (B ) L
—PMARKZH ANES (1,2, ..., n},
Z 5 NHISRIE2E[HS, S, ... S, %n

mﬂlﬁmlﬁc BB, u, .o,
LA, w8, XS, X...XS >R

ﬁﬂl]ﬂﬂ XMHZRR NN
G={S,, .S ju,-u)
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Normal-form representation: 2-player

game

AR BRI

2~z 5 N: Player 1 #1 Player 2
FNNZ5 NEHREE SR
i an:

Si1={811/ Si12, Si13} S,={sSy1, Sz}

Player 1

S11
Sio

Si3

Player 2

Ss1

Sy,

u; (s11/,821) » Uy(S17,S51)

u; (S11/S22) + Uy (S11,S5,)

u; (s15,851) , Uy (S35, S51)

U (s15,85,) , Uy (S35, S55)

u; (s13,851) , Uy (S13/S51)

u; (s13,85,) , Uy (S13/S55)

Game Theory--Chapter 1
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Classic example: Prisoners’ Dilemma:

normal-form representation

Z 5 N5 {Prisoner 1, Prisoner 2}
HEEEE: S, =8,= {Mum, Confess}
A 2 BRI 2L

ul(M9 M)='19 ul(M9 C)='99 ul(Ca M)=09 ul(Ca C)='6;
u,(M, M)=-1, u,(M, C)=0, u,(C, M)=-9, u,(C, C)=-6

Players —> Prisoner 2
Strategies Mum Confess
\ Mum -1 ’ -1 -9 ’ 0

Prisoner 1
Confess O, -9|-6 , -6

Game Theory--Chapter 1
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Example: The battle of the sexes

Pat
Opera Prize Fight

Opera 2, 1,0, O
Prize Fight | 0 , O | 1 , 2

Chris

eI (EERIE D RIB:
Z 5 N4 { Chris, Pat } (={Player 1, Player 2})
HHEEE: S, =S, = { Opera, Prize Fight}
AT 2 BRI
u,(0, 0)=2, u,(0, F)=0, u,(F, 0)=0, u,(F, F)=1;
u,(0, 0)=1, u,(0, F)=0, u,(F, 0)=0, u,(F, F)=2

Game Theory--Chapter 1



Example: Matching pennies

Player 2
Head Tail
Head -1, 1 1, -1
Player 1 - 1 -1 -1, 1

Pl (RIS D RiA:
Z5 NS {Player 1, Player 2}
HHEEE: S, =S, = { Head, Tail }

i i oK 2
u,(H, H)=-1, u,(H, T)=1, u,(T, H)=1, u,(T, T)=-1;
u,(H, H)=1, u,(H, T)=-1, u,(T, Hy=-1, u,(T, T)=1

Game Theory--Chapter 1
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Example: Tourists & Natives

W BAE PRI IE (bar 1, bar 2)
] LR B 4% 8 $2, $4, or $5
6000 44 Ji# 2 BE AL Bk a2 7 el

40001 24 1 N\ Bk 47 4% s 106 1 3 e

%111 PR 2 I I EE 2= H $ 2
IS 35,0004 i %A1 $10,000

1511 2: Bar 1 REL $4, Bar 2 ‘ZEt $5
Bar 1 15%3000+4000=7,00044 iz A $28,000
Bar 2 15330004 Jii % #1 $15,000

Game Theory--Chapter 1
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Example: Cournot model of duopoly

—Fh[EF ) homogeneous ) 7= i AXAY H P & A
BEATAEFE: firm 1 F1 firm 2. PR & 4505 Hq, g, R,
AR MY 08 3 7= g B AN FIE oA A R e .
N2 P(Q)=a-Q, 1 Q=q,+q,.

firm i ZEP=r=mg, A2 Ciq,)=cq;.

P E TR IR
25 NES: { Firm 1, Firm 2}
MG AE: S,=[0, +<0), S,=[0, +o0)
AT i BRI 2
uy(q1 42)=9:1(a-(91192)-¢)s u,(qy, 4,)=4,(a-(q4,79,)-¢)

Game Theory--Chapter 1
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One More Example

n 25 N[RIBFERR0F|100 2 (8] ) — N EUF. x,

Fonplayer i L
Y RN IR B 1) ~F 2 {E
Player iU a8 = x;— 3y/5
IR IR

Z5 N: {player 1, player 2, ..., player n}
Fg: S,=[0, 100], fori=1,2, ..., n
WESESEAE

UL(X 1y Xpy eees X)) = X;— 3Y/S

Game Theory--Chapter 1
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Solving Prisoners’ Dilemma

TwHAMSE NEFESE, HEAAR RS 515K
F 3% (Dominated strategy)
%ﬁ%ﬂ"@?'—?]\@ﬁiﬁ%, HRAFAE ELIX A SR I B 4 f
FH
Blhn, ERNERBERET 3, T NE2ERILEE,
SHARE1 KU, 8N (Confess) #& AL (Mum)
B IFRIRES o AN INGE ) 5 H 10K

Prisoner 2
Mum onfess
Mum - 1 r 1 = 9 / 0
Prisoner 1
Confess \ o, -9 \- 6/ , -6

\V \V
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Definition: strictly dominated strategy

In the normal-form game {S;, S,, ....S,, u;,u,, ..
u,}, lets;’, s;" € §; be feasible strategies for player i.
Strategy s;' 1s strictly dominated by strategy s;" 1f

7

UN(S 1y 82y cvr Sicty Si's Sit1s veey Sp) S is strictly

" better than s/’
<ui(S]9 82y oo Si15 87 5 Si+1s oo Sn) I

for all s1€ S1, so€ 5o, ..., 5,151, Sic1€ Sitq, ..., S,€ S,

regardless of other Prisoner 2
players’ choices Mum Confess
Mum - 1 V4 _1 - 9 / O

Prisoner 1
Confess O, -9|-6 , -6

Game Theory--Chapter 1 54



Example

7 5 Ak, Reynolds#1Philip, 7 %1171

RN A 5, WA b A%

H B A8 k15 $60 H /i

BRI RAE$20 B T

AR 5 W22 A SE ST T L3R5 $30 | 11
Philip
No Ad Ad
No Ad 60 , 60 30 , 70
Reynolds
Ad 70 , 30 40 , 40

Game Theory--Chapter 1
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2-player game with finite strategies

S1={S11, S12, S13} S;={8,1, Sy}
s,, Is strictly dominated by s,, if

U; (811, S51) <U; (815, 8p;) and uy (s11, 8p,) <Uy (515, 555) -
S,, Is strictly dominated by s,, if

u,(s;;,8,;) < u,(sy;,8,,), for 1

Si11
Player 1 s,

S13

=1, 2, 3

Player 2

S

Sy,

u; (s11,871) / Uy (S11/S0;)

u; (s11,85,) , Uy (S11/S5,)

u; (s15,871) / Uy (S35, S0;)

U (s15,85,) , Uy (S15/S5,)

u; (s13,8,1) , Uy (S13,S2;)

u; (s13,85,) , Uy(S13/S,,)

Game Theory--Chapter 1
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Definition: weakly dominated strategy

In the normal-form game {S;,S>, ..., S,, u;,u>, ...,

u.§, lets;’, s;" € S; be feasible strategies for playeri. | s~ s at
Strategy s;’ 1s weakly dominated by strategy s;" 1f least as
ood
ui(Sla 8§25 oo Sic1, Si’9 Sit1s eoes Sn) gS s’
<(but not always =) ui(s;, So, ... Si.1, 8;"s Sit1s vvvs Sy)
for all s;€ Sy, s,€ 9, ..., 5.1€5:1, Si+1€ Si+1, ..., S,E S,
/
regardless of other
players’ choices Player 2
L R
U 1, 1 2, 0
Player 1
o0, 2| 2, 2

Game Theory--Chapter 1 57



Strictly and weakly dominated strategy

AN 5 5 A SR SRR 2 5 1R T L,
0 72 A 5 9 R 0 T LB SR

— AN 5 5 AT T R — B8 N

SO NG FIE R A8 DR 58 SR SR T T, (LA 55
WA TG T . o

L C R
T 2, 12 1, 10 1, 12
— Player1 M 0 , 12 1, 10 o, 11
B 0 12 0 10 0 13

BIERHEIRF AT L2 (B,R,C,M) Al (C,M,L,B) , 4
BoARE (T,L) Al (T,R)
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[terated elimination of strictly
dominated strategies

MR —RIE 2™ B HR, A5 RS
EZR R B e 2 /D> (reduced) [
FEIX AT 5 BT 2R H G0 BRAT AR ™ % 55 35 R v
2k 252 AN BT ) I A

SR % (Rationalizable
equilibrium)
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Iterated elimination of strictly
dominated strategies: an example

Player 1

Player 1

Down

Up

Player 2
Left Middle Right
1, O 1, 2 o,
o, 3 o, 1 2 ,
Player 2
Lef Middle
1, 1, 2

=

LJOUWII

Game Theory--Chapter 1
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Example: Tourists & Natives

W BAE PRI IE (bar 1, bar 2)
] LR B 4% 8 $2, $4, or $5
6000 44 Ji# 2 BE AL Bk a2 7 el

40001 24 1 N\ Bk 47 4% s 106 1 3 e

%111 PR 2 I I EE 2= H $ 2
IS 35,0004 i %A1 $10,000

1511 2: Bar 1 REL $4, Bar 2 ‘ZEt $5
Bar 1 15%3000+4000=7,00044 iz A $28,000
Bar 2 15330004 Jii % #1 $15,000

Game Theory--Chapter 1
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Example: Tourists & Natives

Bar 1

Bar 1

Bar 2
op $4 $5
2 +6—r—16 H—132 +H——35
$4 12 | 14 20 , 20 28 , 15
$5 15 | 14 15 , 28 25 , 25
Payoffs are in thousands of dollars
Bar 2
$4 sk
$4 20 , 20 28 ,| 15

55
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One More Example

N2 5 N\ EE0E]100 2 (8] K — AN EUFE. x,
Fonplayer i L
y B IREH T KT E
Player iU a8 = x;— 3y/5

1

FEAE 55 F3 SR IG5 2
I 127 376 DR L5 25 2
TR (x(y Xg ooy X,) = X;— 16y/5, SEAFE?
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New solution concept: Nash

equilibrium
Player 2
L C R
T 0o, 4 4 , 0 5,
Player1 M 4 , 0 0, 4 5,
B 3, 5 3, 5 6 , 6

WEEH S (B, R) A LL M m:
>R player 2ER , A4 FRBLAYL, Player 1A 0] 88 5 4 1)
RME L FE.
>Unfplayer 11%£B, AS4Fx RLL4L,  Player 24 a] G845 5 i)
MG .
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New solution concept: Nash
equilibrium

Player 2
L C R
T o, 4 a , 0 3, 3
Player1 M 4, 0 o, 4 3, 3
B’ 3, 3 3, 3 3.5, 3.6

KHSHE (B, R) AL
> tnilplayer 2iER’, HASABRB'LASL, Player 1ANT] 845 B 4F 1) SR A%
ke
>tnRplayer 11£B’, A4 Fx R'UAL,  Player 24 1] G865 54T 1Y SR
ke

Game Theory--Chapter 1
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Nash Equilibrium: 1dea

AL etk

e NREHE . H, M55 NEFER%

I 1S X

A 2 5 N e 2 SRS ) e DI S N

Game Theory--Chapter 1
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Definition: Nash Equilibrium

In the normal-form game {S;,S,, ..., S,, u;,u>, ...,
u,}, a combination of strategies (Sik ,...,SZ) 1s a Nash

equilibrium 1if, for every player i, Given others’

* * * _ _
Ui (S] 5evvsSi_155; z+1: n) choices, player i
. . <«<———| cannot be better-
> U; (Sl yoeesSi_15S; 5 z+19 n) off if sh*e deviates
. " from s;
for all s; € ;. Thatis, s; solves e
. . (cf: dominated
Maximize u;(sy,...,5;,_1,5;,5; +1, n) strategy)
Subject to s; € §; Prisoner 2
Mum Confess
Mum -1, -1 -9 , 0
Prisoner1
Confess o, -9 -6 , -6

Game Theory--Chapter 1 67



2-player game with finite strategies

S1={S11/ S12, Si13} S,={Sy1, Sy}
(s;1, sS,1)is a Nash equilibrium if

u; (S11,S2;1)
u; (S11,S2;1)
U, (S;7,S51)

Si11
Player 1 s;,

Si3

vV

u; (S15,S21)

vV IV

U, (s1;,S52) -

u, (s;5,s,;) and

Player 2

Ssq

Sy,

u; (s11,851) , Uy (S11/S51)

u; (s11,85,) , Uy (S11/S5,)

u; (S12/,S21) + Uy (815, 851)

u; (S12/,S02) + Uy (S15,855)

u; (s;3,851) s Uy (S13/,S5)

u; (s13,85,) , Uy(S13/S5,)

Game Theory--Chapter 1




Finding a Nash equilibrium: cell-by-
cell inspection

Player 1

Down

Player 2
Left Middle Right
i, 01, 2,0, 1
o, 3|0, 1|2, O

Game Theory--Chapter 1
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Example: Tourists & Natives

Bar 2
$2 $4 $5
$2 10 , 10 14 , 12 14 , 15
Bar 1 $4 12 , 14 20 , 20 28 , 15
$5 15 , 14 15 , 28 25 , 25

Payoffs are in thousands of dollars

Game Theory--Chapter 1



One More Example

PRE TR IR

Z5 N: {player 1, player 2, ..., player n}
% §.=[0, 100], fori=1,2, ..., n.
AT 7 PRIZKC

UL X1y Xpy eees X)) = X;— 3Y/S

MR TR s B A2 AN AT 1 12

Game Theory--Chapter 1
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Best response function: example

Player 2
L C R’
T o, 4 4 , 0 3, 3
Player1 M 4, 0 o, 4 3, 3
B’ 3, 3 3, 3 3.5, 3.6

W Player 2 L’ , AB-4Player 1)L K HE &M’
W Player 2 %£C’, HiAPlayer 1)k mg 2T
¥ Player 2 i£R’ , A4 Player 1155 1% & B’
WK Player 1 i%£B’ , #4Player 2 &Lk 2 R’

AP 5 AT 2 5 NS, — 055 NREgikFE I
B 0 R

Game Theory--Chapter 1



Example: Tourists & Natives

Bar 2
$2 $4 $5
$2 10 , 10 14 , 12 14 , 15
Bar 1 $4 12 , 14 20 , 20 28 , 15
$5 15 , 14 15 , 28 25 , 25

Payoffs are in thousands of dollars

ErXTBar 218 1$2, $4 S5 %RS, Bar 111
UG N3 Al Fe At A2
ErXrBar 1187 1$2, $4 iS5 5%RS, Bar 211
w0 I N A3 Al et 42
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2-player game with finite strategies

Si;={S11/ Si12, Si13} S,={sSy1, Sy}

LIS

U (S15,S51) 2 uy(sy,,8,) H "
U, (Sy1,S,;) = U, (Sy5,8,,) . AAPlayer 1115 H%
s,, relxfPlayer 276 H% s, , Rl UL M ,

Player 2
S21 S22
S11 U, (S11/821) » U (811, 851) U, (S11/822) + Uy (811, 85,)
Player 1 s;, U, (S15,8,1) s Uy (S15,5,;) U, (S15/83,) 1 Uy (815, 55,)
Si3 U, (S13/,821) + Uy (S13/521) U, (S13/822) 1 Uy (S13/527)

Game Theory--Chapter 1




Using best response function to find
Nash equilibrium

24z 5 NmEse, B A () player 1
1) SR s, A2 X player 21 5 B s, i B A s B

(i) player 2[¥)5M%s, &XTplayer 11 %l s, 1
BN, (sy, 85) & AT 31

Prisoner 2
Mum Confess

Mum L ’ —dl -9 ’
Prisoner 1

0
Confess 0O, -9/-6, -6

Game Theory--Chapter 1 75



Using best response function to find
Nash equilibrium: example

Player 2
L C’ R’
T 0o, 4 4 , 0 3, 3
Player1 M’ 1 , 0 o, 4 3, 3
B’ 3, 3 3, 3 3.5, 3.6

M’ J& Player 1%fPlayer 2505 L B M
T' & Player 1%fPlayer 2(550% C BN
B’/ Player 1%fPlayer 2 51% R’ &2 v

L’ RPlayer 2%}Player 15T H & B
C'Player 2%t Player 1[5 1& M’ i) 58 5 M
R f&Player 2%} Player 1[5 1%B # &L MV

Game Theory--Chapter 1 76



Example: Tourists & Natives

$2
Bar 1 $4

$5

Bar 2
$2 $4 $5
10 , 10 14 , 12 14 , 15
12 , 14 20 , 20 28 , 15
15 , 14 15 , 28 25 , 25

Payoffs are in thousands of dollars

(EEERS LY WIANAZSE A €Iy 2L T

Game Theory--Chapter 1
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Example: The battle of the sexes

Pat
Opera Prize Fight
Opera 2, 1,0, O
Prize Fight | © , O | 1 , 2

Opera 2 Player 1%fPlayer 25 1% Operalf) st v
Operas2Player 2%} Player 115 1& Operalf) s 2 v
FirbA, (Opera, Opera) s& — 941 221

Chris

Fight/ZPlayer 1%} Player 2 5 1& Fight ) 5 8 s M.
Fight/2Player 2%}Player 1) 5 i Fight i) 5 8 s M
FIrEA, (Fight, Fight)s2& — 4R 15 1

Game Theory--Chapter 1
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Example: Matching pennies

Player 2
Head Tail
Head -1, 1.1, -1
Player 1 - 1 -1 -1, 1

Head 2 Player 1%t Player 2] 5 i Tail i) S AL < M.
Head 2 Player 2% Player 11 % g Head K& s M

Tail/2Player 1%} Player 21/ 5 Head & [ B

Tail/&Player 2%t Player 1/ 51 Tail i) &AL s v

FITLL, RA2E RS GN 21

Game Theory--Chapter 1
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Definition: best response function

In the normal-form game Given the
{S] . S2 s eees Sn s, Uy, Uy, ..., un}, strategies
if player 1, 2, ..., i-1, i+1, ..., n choose strategies _~ chosen by
. other players
STseeesSi_15Sj 4155 Sy > TESPECtIVELY,

then player i's best response function is defined by
Bi([S15ee0s8i_158i4150+55, [ L=
148, €8 U (S]eeerSi 1585581 5eerS)))

! 4
2 ul(Sl’...’Sl_l,Sl,Sl+1,oo-,Sn), for all Sl E Sl}

Player i's best
response

Game Theory--Chapter 1 80



Definition: best response function

An alternative definition:

Player i's strategy s; € B; (815, 8;_1,S;415---S,) 1f and only 1f
it solves (or 1t 1s an optimal solution to)

Maximize 1;(S],.e,S;_155; 58415055y )

Subject to s; € S;

Where |51, ..., S;_1, Sjt]--> S, |are given.

- N\

Player i’'s best response to other players’ strategies |is an optimal solution|to

Game Theory--Chapter 1



Using best response function to define
Nash equilibrium

In the normal-form game {S,, ..., S, , u;, ..., u,},
. . 5 * * .

a combination of strategies (sy,...,s,)) 1S a Nash

equilibrium 1f for every player i,

& & & &

&
S; € Bi([S] 5eees Sj_15 Sipls-ees Sy |)

A set of strateggone for each player, such that
each player's strategy|is best for her, given that all
other players are playing their strategies, or

A stable situation that no player would like to deviate
If others stick to it

Game Theory--Chapter 1 82



Strictly dominated strategies vs. Nash
Equilibrium

2 - 35 i A0 B IS 50 o P 5 B SR 2 TR ) OR &
A I 18T A — A LU EE R 5 R P 25 3 TR B T B P A
RIE &

Al 4 (Predictability )
127 (Existence)
Me—1E (uniqueness) .

R SRAFAEE— AR, B — & R — T I

Game Theory--Chapter 1 83



Summary(Appendix 1.1.C)

A fEn

2 2SPN:(LINGSNED

{S GS suy, o Y, TR EE IR S
R H%@JB’T‘%B"MH%QHA(S*S BRIV ANER

FITA L,
(AL

77 %B 1En

TR 23X — W 2 2 Sy i et oy
N2 5 NHIpRHE SR

G={S,,...S ;u;, ..u}H, UWIRKEK H]%(SLS*
s, %) NI, I A

il e 2 S
IEPE N &

RIS P 51 R
15 5| B A% 95 SRS B 51 R ) SR M

Nl

AN—RE &t

N 251 TR
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