1.3 Mixed Strategy Equilibrium
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Matching pennies

Player 2
Head Tail
Head -1, 1,1, -1
Player 1 - 1 -1 -1, 1

Head 2 Player 1%t Player 2] 5 B Tail f) S AL [ M.
Tail/&Player 2%tPlayer 185518 Tail ) &AL s v

Tail/&Player 1%tPlayer 215 1% Head f) St 2 v
Head 2 Player 2%t Player 115 & Head HIHAR K M

FITCL, e (AESRNS) 494t 131
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Solving matching pennies

Player 2
Head Tail
Head -1, 1 1, -1 r
Player 1
Tail 1, -1 -1, 1 l1-r
q 1-q

TEAR ) SR M B AL A 2 (5 7R R 5 40X T I 21 iz i
Player 1775 AR 11 -rit FeHead H1 Tail.
Player 2% 5| IR g1 1-gik FEHead A1 Tail.
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Solving matching pennies

Player 2
Head Tail
Head -1 ’ l l ’ -1
Player 1
Tail 1, -1 -1, 1
q 1-q

Player 1] 12U 3k
R Player 1#&#¢Head, -g+ (1-q)=1-2q
R Player 1% #Tail, g- (1-q) =2q-1

Game Theory--Chapter 1

Expected

payoffs
r 1-2q
1-r 2qg-1
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Solving matching pennies

Player 2 Expected
Head Tail payoffs
o 1 Head -1, 1 1, -1 r 1-2q
ayer Tail 1, -1 -1, 1 1-r 2q_1
q 1-q
\ \r
Player 111 &L = M 1
B, (q):
For g<0.5, Head (r=1) 1/2
For g>0.5, Tail (r=0)
For g=0.5, indifferent (0<r<1) R
1/2 1 9

Game Theory--Chapter 1
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Solving matching pennies

Player 2
Head Tail
Head | -1 , 1 1, -1 ¥4
Player 1
Tall l / _1 _1 / l 1 _r
q 1-q

Expected _
payoffs 2r-1 1-2r
Player 212 | i

nHPlayer 2i%ftHead, r- (1-r) =2r-1

nHPlayer 21 £ Tail, ~-r+(1-r)=1-2r

Game Theory--Chapter 1

Expected
payoffs

1-2q
2qg-1
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Solving matching pennies

Player 2 Expected
Head Tail payoffs
Head | -1 , 1 1, -1 r 1-2q
Player 1
Tall l / _1 _1 / l 1 -r 2q_1
E ted 7 1-q
xpecte _ _
B 2r-1 1-2r
1 (2
Player 2/ 51t [ B
B,(r):
: 1/2
For r<0.5, Tail (q=0)
For r>0.5, Head (gq=1)
For r=0.5, indifferent (0<q<1) 1/2 1 g9

Game Theory--Chapter 1
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Solving matching pennies

Player 115t < B
B, (q) :
i _ Player Head
For g<0.5, Head (r=1)
1 Tail

For g>0.5, Tail (r=0)

For g=0.5, indifferent (0<r<1)
Player 211 5 [ B
B,(r):

For r<0.5, Tail (q=0)

For r>0.5, Head (g=1)

For r=0.5, indifferent (0<q<1)

H"E 1/2
€ B, (0.5)

0.5
0.5

Player 2
Head Tall
-1, 1 1, -1 r
1, -1|-1, 1| 1-r
q 1-q

Mixed strategy
Nash equilibrium

- |

r
q = € B,(0.5)

Game Theory--Chapter 1
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Mixed strategy

TR A TR

— B 5 NIRRT RS 5 A (40 SRS - (1
z/\/ﬁ—j‘_

Definition Let G be a n-player game with strategy sets .S},
S, ,.., Sp- A mixed strategy o; for player i 1s a probability
distribution on §;. If S; has a finite number of pure strategies,
1.e.8; ={8;1,8,..- S, ; then a mixed strategy 1s a function

o, :S; — R such that ZO' (s;;) =1. We write this mixed

=
strategy as (0;(s;1), 0;(812)5 -, 0;(Sik, ).
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Mixed strategy: example

fif i1 i % (matching pennies)

Player 1 M /24lisk0g: HAIT

(o,(H)=0.5, 64(T)=0.5) & —/NE & 5K,
H, player 143 51 LLO.5F10.5 LR IEHAIT.

(04(H)=0.3, 6,(T)=0.7 ) & —NE & g,
Hl, player 1435 LL0.3410.7 HME R G HANT.
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Mixed strategy and pure strategy

Z5 NHRG R 2S5 N (20 KIS LRI
At
Chris]—/MB& RIE MR AT (r, 1-r), Hr 2iud®
Operal\I#f%, 1-r ;2 & Prize Fight FI#EZ%.
mERr=1, A4 ChrissZfr L1k | Opera. 1R r=0,
A4 Chriss:Br ik $% T Prize Fight.

Battle of sexes Pat
Opera Prize Fight
Opera (r 2 , 1 o, O
Chris . (N
Prize Fight (1-r) o , 0 i, 2
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Battle of sexes

Pat
Opera (q) Prize Fight (1-9)
Opera (r 2, 1 o, O
Chris g (r)
Prize Fight (1-r) o , 0 1, 2

ChrisiztOperalf Fii ik #5: 29
Chrisi%Prize Fightf{ il s 1-g
ChrisH1m It = MV.B4(q):

Prize Fight (r=0) if q<1/3

Opera (r=1) if g>1/3

Any mixed strategy (0<r<1) if g=1/3
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Battle of sexes

Pat
Opera (q) Prize Fight (1-9)
Opera (r 2 , 1 o, O
Chris . (r)
Prize Fight (1-r) o , 0 1, 2

Patit £ Operaft TRz : r
Pati $%Prize Fightf) A %5 : 2(1-r)

Patﬁ@%ﬁﬁfif\_‘?Bz(r)
Prize Fight (q=0) if r<2/3
Opera (g=1) if r>2/3

Any mixed strategy (0<q<1) if r=2/3,

Game Theory--Chapter 1
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Battle of sexes

Chris st = M B4 (q

Prize Fight (r=0) if
g<1/3

Opera (r=1) if g>1/3
Any mixed strategy
(0<r<1) if g=1/3

Patff 5tk % 7B, (r):

Prize Fight (q=0) if r<2/3

Opera (gq=1) if r>2/3

Any mixed strategy
(0<g<1) if r=2/3

):

Game Theory--Chapter 1

=GP A
((1,0), (1, 0))

((0, 1), (0, 1))
(213, 1/3), (1/3, 2/3))

Ar

1
e —

s



Employee Monitoring

Jeg bnn] PLZ% D TAE W a] LA il 53
Hi7K: $100KERAETH M B THIN
LI TAER A $50K

2 $ AT DA M B th AT DA B
JiE = H B $200K
JiE AN AR FE: $0
B R $10K
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Employee Monitoring

Work ( r)
Employee _
Shirk (1-r)

Expected
payoffs

Manager
Monitor (g ) Not Monitor (1-q)

50

4

90

50

4

100

0

4

-10

100

4

-100

100r-10

J&& 1 s At VB, (q) -
Shirk (r=0) if g<0.5
Work (r=1) if g>0.5

Any mixed strategy (0<r<1l) if g=0.5

200-100

Game Theory--Chapter 1

Expected
payoffs

50
100(1-¢)
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Employee Monitoring

Work ( r)
Employee .
Shirk (1-r)

Expected
payoffs

2 B VB, () :

Monitor (g=1) if r<0.9

Monitor ( q )

Manager
Not Monitor (1-q)

50

= 7

90

50

4

100

o

-10

100

4

-100

1007-10

200--100

Not Monitor (g=0) if r>0.9
Any mixed strategy (0<g<l) if r=0.9

Game Theory--Chapter 1

Expected
payoffs

50
100(1-¢)
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Employee Monitoring

JE AL NB, (q) -
Shirk (r=0) if g<0.5

Work (r=1l) if g>0.5 Mixed strategy Nash equilibrium
Any mixed strategy ((0.9,0.1),(0.5,0.5))

(0<r<1l) if g=0.5
Z ) L NB, () :
Monitor (g=1) if r<0.9 1ﬁr
Not Monitor (g=0) if 0.9 ¢
r>0.9

Any mixed strategy
(0<g<1) if r=0.9

v

0.5 1 9
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Expected payoffs: 2 players each with

two pure strategies

Player 2
sy (q) Sy, (1-q)
Player sy (1) uy(S115 S21)s (115 S21) U (S115 $22)5 Uy(S115 833)
1 S1, (1-1) u(S125 S31)s Ux(S125 S31) U1(S125 $22)s U(S125 $22)

Player 15 1B 588 (r, 1- r). Player 2 1B-55FI& (¢, 1- ).

Player 11&F s, I E K

EU (811, (¢, 1-9))=q Xu (511, S20)H(I-q) Xu (5115 S33)

Player 11%&+ s, AR 2

EU, (512, (95 1-9))= q X1 (5125 S3)H(IL-q) X1 (5125 $23)

Player 1784 SR & 1) B BRI 2

v (1, 1-r), (q, 1-q))=r<EU (s 4, (g, 1-q))+(I-r)XEU,(s, (¢, 1-9))

Game Theory--Chapter 1
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Expected payoffs: 2 players each with
two pure strategies

Player 2
sy (q) sy (1-q)
Player s (1) uy(S115 S21)s Uy(S115 S21) Uy(S115 $22)> Uy(S115 833)
1 S1; (1-1) U1(S125 S21)5 Ux(S125 S31) U1(S125 $22)5 Ux(S125 $32)

Player 15 &4 %0 (r, 1- ). Player 268 5K (¢, 1-
q)-
Player 2i%&#+¢ s, [ A i &
EU,(S,51, (7, I-r))=r Xuy(S115 Sp1)T(L-1) Xuy(S155 S51)
Player 21 ¥ s, ) A28 i 2
EU,(Syy, (7, I-1))= 1 Xty (115 S3p)T(I-1) Xty(S125 S35)
Player 272 & A& 1) B R 73 :
v((ry 1-7),(q, 1-q))=gxEU,(Syy, (1, 1-1)H(I-g)XEUy(5y,, (1, 1-1))
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Mixed strategy equilibrium: 2-player
each with two pure strategies

Player 2
sy (q) Sy, (1-q)
Player 1 (1) uy(S115 S21)s Uy(S115 S21) Uy(S115 S22)5 Uy(S115 833)
1 S1p (1-1) u1(S125 S21)s Ux(S125 S21) U1(S125 225 Ur(S125 $32)
TR A SRS R AT 2o 1T -
— AR AR

((l’*, 1""*)9 (q *) I'q*))
Re— NI, W (r 1-r) Xt (g%, 1-9%) BRI
N, T (q*, 1-g*) Xt (e 1-r*) Bl . B,
v (% 1-r%), (g%, 1-47)) 2 v/((r, 1-1), (¢ %, 1-¢*)), for all 0< r <1
VZ((’”*) l-l"*), (q *) l'q*)) 2 Vz((’”*, l-l"*), (q’ l'q))9 for all 0< q <1
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2-player each with two strategies

Player
1

Player 2
s, (q) S (1-¢q)
s (r) ui(S115 S21)s Uy(Sy15 S21) uy(S115 $32)s Ux(Sy1s S22)
S1; (1-1) u(S125 S31)s Ux(S125 S31) u(S125 $2)s Uy(S125 $23)

EH 1 (RE T8 MR
~/\/E'/\’“”ﬂ1%éﬂ/\ (% 1-r%), (g% 1-q%)) B— DG
15 25 H (X =5
v ((r* 1-r¥), (g%, 1-¢¥)) = EU,(syy, (¢7, 1-¢7))
v ((r* 1-r¥), (g%, 1-¢¥)) = EU(515, (7 1-¢7))
v ((r, 1-r%), (g%, 1-¢%)) 2 EU,(sy;, (r%, 1-r¥))
v ((r, 1-r%), (g%, 1-¢%)) = EU,(8y, (r%, 1-r¥))
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Theorem 1: 1llustration

Matching pennies

H (0.5)

Player 1
T (0.5)

Player 1:

Player 2
H (0.5) T(0.95)
-1, 1 1 -1
i, -1 -1, 1

EU,(H, (0.5, 0.5)) = 0.5 X(-1) + 0.5 X1=0
EU,(T, (0.5, 0.5)) = 0.5X 1 + 0.5 X (-1)=0

v,((0.5, 0.5), (0.5, 0.5))=0.5x0+0.5x0=0

Player 2:

EU,(H, (0.5, 0.5)) = 0.5 X 1+0.5 X (-1) =0
EUL(T, (0.5, 0.5)) = 0.5X (-1)+0.5X 1 =0
v,((0.5, 0.5), (0.5, 0.5))=0.5 X 0+0.5 X 0=0

Game Theory--Chapter 1
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Theorem 1: 1llustration

Matching pennies Player 2
H (0.5) T(0.5)
H(05) -1 , 1 1 =il
Player 1
T (0.5) 1, -1 -1, 1
Player 1:

v,((0.5, 0.5), (0.5, 0.5)) > EU,(H, (0.5, 0.5))

v,((0.5, 0.5), (0.5, 0.5)) > EU,(T, (0.5, 0.5))
Player 2:

v,((0.5, 0.5), (0.5, 0.5)) > EU,(H, (0.5, 0.5))

v,((0.5, 0.5), (0.5, 0.5)) > EU,(T, (0.5, 0.5))

FrbL, R4 EH 1, ((0.5, 0.5), (0.5, 0.5)) 22— NEEFK
A28 4
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Theorem 1: 1llustration

Employee Monitoring Manager
Monitor (0.5) Not Monitor (0.5)
Work (0.9) 50 , 90 50 , 100
Employee
Shirk (0.1) o , -10 100 , -100

Employeeik £ “work” 1t {22k %%

EU,(Work, (0.5, 0.5)) = 0.5 X50 + 0.5 .X50=50
Employeeik £ “shirk” 1t {2 ik 2%

EU,(Shirk, (0.5, 0.5)) = 0.5 X 0 + 0.5 X 100=50
Employeeiie & A& 1) BRI 73

v.((0.9, 0.1), (0.5, 0.5))=0.9x50-+0.1x50=50

Game Theory--Chapter 1
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Theorem 1: 1llustration

Employee Monitoring Manager
Monitor (0.5) Not Monitor (0.5)
Work (0.9) 50 , 90 50 , 100
Employee
Shirk (0.1) o , -10 100 , -100

ManageriZ £&“Monitor” # TiHA L 75

EU,(Monitor, (0.9, 0.1)) = 0.9 X 90-+0.1 X (-10) =80
ManageriZ £ “Not” i Tl A i 25

EU,(Not, (0.9, 0.1)) = 0.9 X 100+0.1 X (-100) = 80
Manageriig & S 1 I 7

1,((0.9, 0.1), (0.5, 0.5))=0.5 X 80-+0.5 X 80=80

Game Theory--Chapter 1
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Theorem 1: 1llustration

Employee Monitoring Manager
Monitor (0.5) No Monitor (0.5)
Work (0.9) 50 , 90 50 , 100
Employee ,
Shirk (0.1) o , -10 100 , -100

Employee
v,((0.9, 0.1), (0.5, 0.5)) > EU,(Work, (0.5, 0.5))
v,((0.9, 0.1), (0.5, 0.5)) > EU,(Shirk, (0.5, 0.5))
Manager
v,((0.9, 0.1), (0.5, 0.5)) > EU,(Monitor, (0.9, 0.1))
v,((0.9, 0.1), (0.5, 0.5)) > EU,(Not, (0.9, 0.1))

gﬁu WRIEEET, ((0.9,0.1), (0.5, 0.5)) 2 —MNEEKIEH I
].
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Theorem 1: 1llustration

Battle of sexes Pat
Opera (1/3)  Prize Fight (2/3)
Opera (2/3) 2, 1 0, O
Chris
Prize Fight (1/3) o , 0 i, 2

fsi o 1 f &
((2/3, 1/3), (1/3, 2/13))2 5 & —MMRE KIS 1Y
1.
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Mixed strategy equilibrium: 2-player
ecach with two strategies

Player 2
sy (q) s (1-9)
Player sy (7) uy(S115 S21)s (115 S21) U (S115 $22)5 Uy(S115 S33)
1 S1, (1-1) U (5125 S31)s Ux(S125 S31) u1(S125 $32)s Uy(S125 $32)

EHE 2 A((r¥, I-r%), (g% 1-g¥)— MR E KA E, HH o
<r*<1, 0<q*<1. IB4 ((r*, 1-r¥), (g%, 1-q%)—ME S EIR G5
7, H[HNH

EU(s11, (@7 1-g7)) = EU(s5, (9% 1-97))

EU,(8y, (r® 1-r*)) = EUy(s5,, (r*, 1-r¥))

Bl FREANZ 5 ARG, MR P SRS e T 72 57 1.
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Use Theorem 2 to find mixed strategy
Nash equilibrium: illustration

Matching pennies Player 2
H(q) T (1q)
H (I’) -1 ’ l l ’ -1
Player 1
T( 1—/’) 1 ’ -1 -1 ’ 1

Player 1i%&+% Head flTailc £ 7.
EU,(H, (¢, 1-9)) = ¢ X(-1) + (1-q) X1=1-2¢4
EU (T, (¢, 1-9)) =g X1+ X(1-¢) (-1)=2¢-1

EU,(H, (¢, 1-9)) = EU(T, (¢, 1-9))
1-2g =2¢-1

4g=2 MM g=1/2
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Use Theorem 2 to find mixed strategy
Nash equilibrium: 1llustration

Matching pennies Player 2
H (q) T (1=q)
H (I’) -1 ’ l l ’ -1
Player 1
T( 1—I’) 1 ’ -1 -1 ’ 1

Player 2i%# Head flTail Tt % 7.
EU,(H, (r, 1-r)) = r X 1+(1=) X (-1) =2r - 1
EUL(T, (r, 1-r)) = r X (-1)+(1=r) X 1 =1 - 2r

EUZ(Ha (”'9 1—1”)) - EUZ(Ta (’”3 l—lf'))
2r—1=1-2r

4r=2 M r=1/2
FrlA, tRIEE B2, ((0.5, 0.5), (0.5, 0.5)) 2 — MR -& SHI& g 4.
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Use Theorem 2 to find mixed strategy
Nash equilibrium: illustration

Employee Monitoring Manager
Monitor ( q ) Not Monitor (1—q )
Work (r) 50 , 90 50 , 100
Employee
Shirk (1-r) 0O , -10 100 , -100

Employeei&#% “Work” 322k %%

EU,(Work, (¢, 1-¢)) = g X50 + (1—¢) X50=50
Employeei®# “Shirk” ) #HE Ik 25

EU,(Shirk, (¢, 1-¢)) = ¢ X 0 + (1—¢) X 100=100(1—q)
Employeei# “Work” 1 “Shirk” £ 7.

50=100(1—¢)

q=1/2
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Use Theorem 2 to find mixed strategy
Nash equilibrium: 1llustration

Employee Monitoring Manager
Monitor ( q ) Not Monitor (1—q )
Work (r) 50 , 90 50 , 100
Employee
Shirk (1-r) 0O , -10 100 , -100

Manageri&#: “Monitor” JHIEEIk 75

EU,(Monitor, (r, 1-r)) = r X 90+(1-r) X (-10) =100r-10
Managerit# “Not”f¢) ik 7%
EU,(Not, (r, 1-r)) = r X100+(1-r) X (-100) =200r-100
Manageri£ £t “Monitor” #1 “Not” JoZ 7
10010 =200-100 implies that r=0.9.
%ﬂ), RIEEH2, ((0.9,0.1), (0.5, 0.5))/2 —MEA FIE G115
7.

Game Theory--Chapter 1
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Use Theorem 2 to find mixed strategy
Nash equilibrium: illustration

Battle of sexes Pat
Opera (q) Prize Fight (1-9)
Opera (r 2 , 1 o, O
Chris =P (r)
Prize Fight (1-r) o , 0 1, 2

2 E ((2/3, 1/3), (1/3, 2/13) ) 22— R
B ARG 231 2
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Use Theorem 2 to find mixed strategy

Nash equilibrium: 1llustration

Battle of sexes Pat
Opera (q) Prize Fight (1-9)
Opera (r 2 , 1 o, O
Chris =P (r)
Prize Fight (1-r) o , 0 1, 2

ChrisiZ#£Operal?)JHE i 2t
EU,(O, (¢, 1-9)) = ¢ X2 + (1-q) X0 =24
Chrisi #:Prize Fight/¥J {2k 25
EU(F, (¢, 1-9)) = ¢ X0+ (1-q) X1 =1—¢
Chrisi% £:OperaflPrize &t % 7

EU,(O, (¢, 1-9)) = EU,(F, (¢, 1-9))
29 =1-q
3¢=1  Mifig=1/3

Game Theory--Chapter 1
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Use Theorem 2 to find mixed strategy

Nash equilibrium: 1llustration

Battle of sexes Pat
Opera (q) Prize Fight (1-9)
Opera (r 2 , 1 o, O
Chris =P (r)
Prize Fight (1-r) o , 0 1, 2

Patit $Operalt) i E Ik 7

EU,O, (r,1-r))=r X1+(A-r) X0=r
Patifi £tPrize Fightf) A2 i 75

EU,(F, (r, 1-r)) = r X0+(1-r) X2 =2 -2r
Pati% £:Opera#lPrize L Z 7

EU,(O, (r, 1-r)) = EU,(F, (r, 1-r))

r=2-2r

3r=2 MM r=2/3

Game Theory--Chapter 1
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Use Theorem 2 to find mixed strategy
Nash equilibrium: illustration

Battle of sexes Pat

Opera (q) Prize Fight (1-9)
Opera (r) 2 , 1 0 0

Chris — — .
Prize Fight (1-r) o , 0 1, 2

FTLL, ((2/3, 1/3), (1/3, 213) ) =& — R & SREME A 15115
R,

ChrisCL2/3 I 28176+ Opera , LA1/3HIMEZR %
Prize Fight.

PatL1/3/HE R ik $; Opera , LL2/3FIHEE %k $E Prize
Fight.
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Example 1

Bruce FSheila i€ & L F Wik & L F/ IR R R

TH .

SheilaZ: & #xEIFTER MY £2 55 43 51 ] PLAS 31 R FH 4501

Bruce 2= & #x B AT HR MV B 15E 43 71 7] LAAS 2120 FH 1504

ARATT [R) = A FH DA 5 2 R e 2k B
Brucef1Sheila®y N8 — At i BCE N EE S - B A1 5 28
N (BRARAIAERRE X M) . 18313, |4
I S AR TR . BEARATT AR T B R — 3 (R A2
heads, 5t # /&tails), IE 4 Sheiladk & %:F W a ik A& BROL R
B, T an SRAmAT TR A T 2 os A — 2L (heads, tails Bltails,
heads), 4 BruceiE 2=k H.
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Example 1

Sheila
H(q) T (1-q)
H (r) 1, 4 4 , 1
Bruce
T(1-r) 4 , 1 1, 4

BruceiftHead 1) BB Ik 25

EU,(H, (¢, 1-9)) = ¢ X1 + (1-q) X4 =4-3¢
Bruceitk Tail 1t B2 Uk 25

EU,(T, (¢, 1-q)) = ¢ X 4 + (1-q) X1 = 1+3¢
BruceitHeadflTail . & 7

EUI(Ha (q9 l_q)) = EUI(Ta (qa l_q))
4-3q = 1+3¢q

6g =3 MM g =1/2
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Example 1

Sheila
H(q) T (1-q)
H (r) 1, 4 , 1
Bruce
T(1-r) 4 , 1, 4

SheilaitHead 1 B EE Ik 25

EU,(H, (r, 1-r)) = r X4+(1-r) X1 =3r +1

SheilaiZ Tail {1 #i 2k 25

EU(T, (r, 1-r)) = r X 1+(1-r) X4 = 4 - 3r

SheilaitHead fTail L £ 7
EUZ(H9 (l/', 1—1’)) - EUZ(T9 (l/', 1—1’))
3r+1=4-3r
6r=3 Ml r=%

((1/2,1/2), (1/2, 1/2) ) &— RS KIS G117

Game Theory--Chapter 1
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Example 2

Player 2

R
T (r) 6, O o,
Player 1 -

B (1-r) 3, 2

Player 1i£ 8 THHI I 2
EU(T, (¢, 1-9)) = g X6 + (1-q) X0 = 64
Player 13 B A Y 35
EU,(B, (g, 1-9)) = ¢ X3 + (1-q) X6 = 6-3q
— © Player 1: £ THBLER

EUI(Ta (q9 l_q)) = EUI(Ba (q9 l_q))
6qg = 6-3¢q
99 =6 MIM q=2/3

Game Theory--Chapter 1
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Example 2

Player 2
L (9) R (1-9)
T (r) 6, 0 0, 6
Player 1
B(1-r) 3, 2 6 ,

Player 2t #F LA FHEE I =

EU,(L, (r, 1-r)) = r X 0+(1=r) X 2 =2- 2r
Player 21 #RIHIEIL %5

EU,(R, (r, 1-)) = r X 6+(1=r) X 0 = 67
Player 21 FLART £ 7

EUZ(La (l/', 1—1’)) = EUZ(Ra (l/', 1—1’))

2-2r = 6r

8r=2 MmN r=%
((1/4, 3/4), (2/3, 1/3) ) £—MIRA SR LH-S578.
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Example 3:Market entry game

AN, Firm 1 A1 Firm 2, 220 [F] i 58 2 75
LEARATT ) — RS N — K W Aoty

FN A PS5BS Enter, Not Enter
PN R ik FE “Not Enter”, ‘B 3-8 1IAE N 0
IR —F ik “Enter” 75 — K kit “Not
Enter’, A4 iE“Enter’ 415 3] $500K

MRWF AN ERIE “Enter” , A EATEIR S
$100K, KINTEKR2ZHIRT
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Example 3:Market entry game

Firm 2
Enter (q) Not Enter (1—q)
Enter (r) -100 , -100 500 , O
Firm 1
Not Enter ( 1-r) 0 , 500 0 , 0

TREEFR ] LA g 21l 2
PRS2 SR AN A 2 1l

(Not Enter, Enter) and (Enter, Not Enter)
— ARG RIS AN YAl

((5/6, 1/6), (5/6, 1/6))

Bl r=5/6 , q=5/6
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Example 4

Player 2
L (q) R (1-9)
T (r) 1, 1 1, 2
Player 1
B(1-r) 2, 3 0, 1

PRAEEF B JLAS g4t 21T 2
PR 48 T S 4 H- 38 1l
(B, L) and (T, R)

— MR G RS G )
((2/3, 1/3), (1/2, 1/2))

Bl r=2/3, q=1/2
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Example: Rock, paper and scissors

M2 5 N6 EFRRock, Papersl, Scissors.

Paper {1t (£

£) rock

Rock Ji (# %) scissors
Scissors i (B41;) paper

RIFHER 2 5 AW T8 A5 21 $1

mRZ5 A3k

) M AN 215 21 3245

AT

\
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Example: Rock, paper and scissors

Rock

Player Paper

1
Scissors

TREETR B — MR & RIS AT 2 gy ?

Player 2
Rock Paper Scissors
0 0 =il 1 1, -1
1 -1 0 0 -1, 1
-1 1 1, -1 0o, 0

Game Theory--Chapter 1
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2-player each with a finite number of
pure strategies

Z 5 N&E5 {Player 1, Player 2}
RIS AR

player 1: 8= { S11y Sz s S17 }
player 2: 8,= { 5,1, 555 cees Syi }

A 2 PRIELC

player 1: u,(sy;, S21)

player 2: u,(sy;, s,;)
forj=1,2,...,J andk=1,2,.., K
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2-player each with a finite number of
pure strategies

Player 1

s (P11)

S12 (P12)

S15 (1)

$21 (P21)

Player 2

S22 (P22)

Sox (P21)

u(S115 S21)

uy(S115 521)

u,y(S115 522)

u(S115 522)

Uy(S115 S2)

u(S115 S25)

uy(S125 S21)

uy(S125 S21)

uy(S125 S23)

u(Sy2 53)

uy(S125 S2)

u(S125 52

uy(Sy 5 S23)

u(Syy 523)

uy(Sy 55 52

uy(Syy 52

Player 1 E]/J‘l: {:l\ /VH]%: p1=(P1p D125 +ee» Pu)

Player 2¥) &

H A\ &5

IZI

Game Theory--Chapter 1
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Expected payoffs: 2-player each with a
finite number of pure strategies

Player 14 5 fi%s, 1B & :
EU, (8115 P2)=P21 X1(S115 S20) 1 P22 XU (115 S22) Feeet Py X1ty (S115 Syp)teeetPog X11(S115 1)
Player 121 5 W&, , 1 AR K 24 :

EU (512 P2)=P21 XU1(S125 S20) P20 XU (S125 S20)FeetDos XU ((S125 Sp) Fee Do X1 (S125 S21)

Player 121 50, /1 AR 24 :

EU, (815 P2)=P21 XUi(S1p5 S310)1 P22 XUy(S1ps Spa) FeeetPoy X1ty (S1 5 Syp)teeetPog X11(S15 1)

Player 17R & St p, i) B EE A 2 :
ViP15 PP 1XEU (811, P2) 1P 1XEU (813, o)t AP ¥EU (545 po) ...
1p1¥XEU (51 P))
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Expected payoffs: 2-player each with a
finite number of pure strategies

Player 241 % fi%s, 1 Bk 25
EU, (8215 P1)=P11 XU(S115 S201 D12 Xy(S125 S20)FeeedPy; Xthy(8yj5 S2)F e tPyy Xty (815 $21)
Player 241 5 i, , 1 H L2 ik 25

EU, (8225 P1)=P11 XUy(S115 522) P12 Xy(S125 $22) Feest Py Xthy(Syj5 S22)F ety Xty (815 $32)

Player 24{ 5 B s, 1 HA 28 i 2

EU, (82600 PD)=P11 XUy(S115 S2001D12 XUy(S125 S2p) ooty XUy(Syjs S2p)FeestP 1y X1y(S15 S25)

Player 278 & TR 1 p, ) B EE I 7 :
V(D15 P)TP2¥XEUL(S515 PP XEUL(S555 P1) Fooed Py XEUL (S50 P1) T eee
TP, kXEU,(S2k5 P1)

Game Theory--Chapter 1 169



Mixed strategy Nash equilibrium: 2-player
cach with a finite number of pure strategies

—MRERIEHE (p,*, p,*), EHF

P1*=W011%5 P12 s P1S)

D2 =(D21%s P22 eoos Pak™
=— MEE RIS, wRplayer 1R & K Ep,* &XT
player 2178 & SKBEp,* B B AL I N, [R5 p, * o2& p * ) A
S
s K Tplayer 1R ARG HKMEp,, vi(p*s P2*)= vi(py,
P,¥), X Fplayer 2K G 1R & KM p,, vy(p1*, p2*) 2 v,(py*,
D2)-
P, %5 7€ player 2[R & SR igp,*, player 1015 W& 1 p,*
A2 W 55 D A =15 2 GE. 46 8 player 1V & Kl p, *,
player 241 W E 1 p,* , B AW HUE A =15 2] 0.
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2-player each with a finite number of pure
strategies

EH 3 (G )
— MREEREHE (p*, p,*), HHF
P1*=011%5 P12%5 «+os P1J°)
DP2*=(021%5 P22 ™5 ooes P2™)
= MEE RN IIE, JZHNZS
vl(pl*a Pz*) = EUI(Slja Pz*)a forj - 19 29 ooy J

VoD% Pr*) 2 EU(Sy P1¥), for k=1,2, ..., K

Game Theory--Chapter 1 171



2-player each with a finite number of pure
strategies

EH 4 —MNMEEREHAE (0%, p,*), HT
Pi=@u™ P v P
P2 =021 P25 voos Pak™)
e MRS RN, JHENHENHE LS &4
player 1: 3 {LAom 1 n, 40% p,,*>0, p,,*>0 A4
EU, (51, P2*) = EU (51,5 P*); WK py,*>0 5 py,*=0 HLA4
EU, (1w P2*) 2 EU (51,5 P2*)
player 2: X[ AEA[i Al k, WK p,,>0 and p,,*>0 A4
EU,(555 P1*) = EUy(5, p1*); WIR py*>0 and p,,*=0 -4
EU,(85 P1*) 2 EUy(Sy P17)
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2-player each with a finite number of pure
strategies

AT T RATA?

—/MBEEREAS (p,*, p,*), HF

P1*=(P11*, P1p"s s P1s" )s P2 =015 P2y "“"£2K* )

— MR E RIS, X HEAZENHLE LT %5

75 %€ player 21 p,*, player 148 & Jy 1EMEZ 1155 4 5w 1) A
Bz AR AHSE, Hoplayer 145 %€ 4 IEWE 2R AT 4r] 21 55 B 11 22
A 2 EBAN 2 /N Tt 8 e N AR ) 2l T i 1 A B A 7

o sEplayer 18] p,*, player 27 € N IE R 1 REAN 21 5 [ 1Y)
LU ARAH SR, Hlplayer 278 %€ Jy 1R 38 A fr] 20 5 (1) 391 22 A
i AN /N T a5 2 LR ) AT RS T 2R A
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2-player each with a finite number of pure
strategies

B AR RE AL MEEHIANTE RS RIS 9
H 351
5 sEplayer 2[7VR & 5K 0%, Player 148 € N 1E A%
SR Al TR 2 8] 2 e 22 S 1. i ‘771*1‘%$EI‘J
A frT 2l S i BRI ms AN =/ T it de @ N E
T%KEI’JQIE RS 1 R i
75 Eplayer 11117E & 0%, Player2 5 %€ N 1EHE
SR Al TR 2 8] 2 e 22 S 1. i ﬁﬁlﬁ%%ﬁ‘]
A ArT 2l S B BB I ms R AN =/ Tt s @ N E
28 1 20 SR s ) B BE A 3
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Theorem 4: 1llustration

Player 2
L (0) C (1/3) R (2/3)
T (3/4) o, 2 3, 3 1,
Player1 M (0) 4 , 0 o, 4 2 , 3
B (1/4) 3, 4 5, 1 o,

BT ((3/4, 0, 1/4), (0, 1/3, 2/3)) & —MEE FKIEY
8501l
Player 1:

EU,(T, p,) = 0x0+3x(1/3)+1x(2/3)=5/3,
EU,(M, p,) = 4x0+0x(1/3)+2x(2/3)=4/3
EU,(B, p,) = 3x0+5x(1/3)+0x(2/3)=5/3.

Hence, EU((T, p,) = EU,(B, p,) > EU;(M, p,)
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Theorem 4: 1llustration

Player 2
L (0) C (1/3) R (2/3)
T (3/4) o, 2 3, 3
Player1 M (0) 4 , 0 o, 4 2 , 3
B (1/4) 3, 4 5, 1 0,

Player 2:

EU,(L, p,)=2x(3/4) + 0x0 + 4x(1/4)=5/2,
EU,(C, p,)=3x(3/4) + 4x0 + 1x(1/4)=5/2,
EU,(R, p,)=1x(3/4) + 3x0 + 7x(1/4)=5/2.

Hence, EU,(C, p,)=EU,(R, p,)=EU,(L, p,)
Bt UL AR i 52 FH4, ((3/4, 0, 1/4), (0, 1/3, 2/3)) y
MR A SRS A 2 i
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Example: Rock, paper and scissors

Rock (p41)

Player
, 7 Paper (p)

Scissors (p,

Player 2
Rock (p,q) Paper (p,y) SCisSsOrs (Py;)
o, 0 -1, 1 i, -1
1, -1 0, 0 -1, 1
) -1, 1 1, -1 o, O©

R EFEP,1>0, p12>0, p13>0, p21>0, p,,>0, p,3>0

R E A ]

E— MR SIS G 11

Game Theory--Chapter 1
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Example: Rock, paper and scissors

Player 2
Rock (p,4) Paper (p,,) Scissors (py3)
Rock (p44) o, © -1, 1 i, -1
T papor(p) | 1, 1 | o, o | -1, 3
Scissors (p43) -1, 1 i, -1 o, O

INREENZ 5 NN IR 2L RIS AR 95 R 8
R, ARG e AN T2 5 AR, W
=AM T 7

Game Theory--Chapter 1
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Example: Rock, paper and scissors

Rock (p44)
Player

1 Paper (ps)
Scissors (p43)

Player 1/ =™ 4l 5 W X i >

Player 2
Rock (p,q) Paper (p,y) SCisSsOrs (Py;)
o, 0 -1 , 1 i, -1
1, -1 0, 0 -1, 1
-1, 1 1, -1 o, O
IR

EU,(Rock, p,) = 0xp,+(-1)X py,t1X p,;
EU,(Paper, p,) = 1x p,; 10X p,,+(-1)X p,;

EU,(Scissors, p,) = (-1)x p,;+1x p,,+0x p,,

EU,(Rock, p,)= EU,(Paper, p,)= EU,(Scissors, p,)

JEF] pyrt pot pr=1, BAE =457

Game Theory--Chapter 1

2R = AN AR FNEL
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Example: Rock, paper and scissors

Rock (p44)
Player

1 Paper (p;,)
Scissors (p43)

Player 2
Rock (p,q) Paper (p,y) SCisSsOrs (Py;)
o, 0 -1, 1 i, -1
1, -1 0, 0 -1, 1
-1, 1 1, -1 0, O

0xpy H(-1)X Py t1X prs= 1X py 10X pyyt(-1)X pys
0xpy1H(=1)X pryt1X py3 = (-1)X Py +1X pyy, 00X p,s

Pt Pt pys=1

AT

P21=Py=D23=1/3

Game Theory--Chapter 1
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Example: Rock, paper and scissors

Rock (p44)
Player

1 Paper (ps)
Scissors (p43)

Player 2] =™ 4li 5 W % it >

Player 2
Rock (p,q) Paper (p,y) SCisSsOrs (Py;)
o, 0 -1 , 1 i, -1
1, -1 0, 0 -1, 1
-1, 1 1, -1 o, O
IR

EU,(Rock, p,)=0xp;+(-1)x p;,+1x p;,
EU,(Paper, p,)=1x p;;+0x p;,+(-1)X p;

EU,(Scissors, p,)=(-1)x p;;+1x p,10x p 5

EU,(Rock, p,)= EU,(Paper, p,)=EU,(Scissors, p,)

EF pyyt pipt P13=19?‘21l\]ﬁ3/|\7‘375

Game Theory--Chapter 1
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Example: Rock, paper and scissors

Player 2
Rock (p,4) Paper (p,,) Scissors (py3)
Rock (p44) o, © -1, 1 i, -1
T papor(p) | 1, 1 | o, o | -1, 3
Scissors (p43) -1, 1 i, -1 o, O

0xpt(-1)X p1,t1X pi3=1%X pH0x p,+(-1)X p;
0xpH(-1)X p1,+1x pi3=(-1)x p;+1X p,+0x py;
Put Pt pis=1

1S
Pu=P1=P15=1/3
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Example: Rock, paper and scissors

Player 2
Rock (1/3) Paper (1/3) Scissors (1/3)
Rock (1/3) o, 0 -1 , 1 i, -1
fbyer Paper (1/3) 1, -1 0, o0 1, 1
Scissors (1/3) -1, 1 1, -1 o, 0

Player 1: EU,(Rock, p,) = 0x(1/3)+(-1)x(1/3)+1x(1/3)=0
EU,(Paper, p,) = 1x(1/3)+0x(1/3)+(-1)x(1/3)=0

EU,(Scissors, p,) = (-1)x(1/3)+1x(1/3)+0x(1/3)=0

Player 2: EU,(Rock, p,)=0x(1/3)+(-1)x(1/3)+1x(1/3)=0

EU,(Paper, p,)=1x(1/3)+0x(1/3)+(-1)x(1/3)=0

EU,(Scissors, p,)=(-1)x(1/3)+1x(1/3)+0x(1/3)=0

FibL AR R4, (p,=(1/3, 1/3, 1/3), p,=(1/3, 1/3, 1/3))&—
AR RIS AN AT 251
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Example: Rock, paper and scissors

Player 2
Rock (py+) Paper (py,) Scissors (P,3)
o Rock (p11) 0 ’ 0 -1 ’ 1 1 ’ -1
1ayer Paper (p4,) i, -1 o, O -1, 1
Scissors (p43) -1, 1 i, -1 o, O
R AT AR IR — MR A RIS 14, H
/\
Fs Pa1s P12 P13 H N NIEE, Hpyy, Po,

P23

b/ AN IEE.
2 YR

Game Theory--Chapter 1
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Example: Rock, paper and scissors

Player 2
Rock (p,4) Paper (p,,) Scissors (py3)
Rock (p44) o, © -1, 1 i, -1
T papor(p) | 1, 1 | o, o | -1, 3
Scissors (p43) -1, 1 i, -1 o, O

B AL I — MR G RIS T Y7, H
F, Pigs Pros PP APENNIEE, Hpoy, oo,
ngtjg//l\ﬁw‘j/l\jjlé’fﬁ-

B Foe MMFLE.

Game Theory--Chapter 1
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Example: Rock, paper and scissors

Rock (p41)

Player
0 Paper (ps)

Scissors (p43)

Player 2
Rock (p,q) Paper (p,y) SCisSsOrs (Py;)
o, 0 -1, 1 i, -1
1, -1 0, 0 -1, 1
-1, 1 1, -1 0, O

FibL, R R4, (p,=(1/3, 1/3, 1/3),

p,=(113, 113, 1/3)) R:Me—Hy

)15

Game Theory--Chapter 1
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Nash Theorem

B (H, 1950): En NS 5ZBREEZEG =
{S1,..., Sn; u1,..., un}P, WERNZERER, BXIENN,
SE8RNY, WEEFEED— W58, R
EDE N =P i

N IIERIFEE!

EEPIRERIIEFEIERIFED RS, ARV E
FF—EBTFZER, BENREERRERIFA,
AEHEFE— T EES T NIIE,

T
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1.5

B WMEE— 1S5 AR (UUSE5EA1AH]) , 0
ANQCZHI, qu22qTES8RKEE, IACKE. 71' 2
E &S KR, )\J,TEEI’JH\HQQEA(qc, VF(qm/2, qo)
25 AN @mBEE. 59'=5(a-c)/12,

Player 2
/2 A q
q,/2 A/8, A/8 |5A/48, 5A/36 | A/12, 5A/36
HEYES % 5A/36,5A/48 | A/9, BA/9 | A/12, 5a/48
5A/36, A/12 | 5A/48, A/12 |5A/72, 5A/72

£ 1E'EIJE|’J_ W9, RE(Qe qo)FENTEI
farIA/9, A/%&Iﬁﬂﬂﬁ]ﬁ*ﬁéﬁﬂﬂ‘(qm/2, qm/2)HYFEF
A8, AIBE(E, EAA=(a-c)'2,
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/8.8

fEHotellingtixBimh,  ANFRIEREIII DD, 1.
Y, MESEEHEN1 /2 EUNTIEASTRISIEZ
X, X, 1-x,
X, x, 1-x,
1-x, x, X,
v =%, X

Game Theory--Chapter 1
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E
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>Jri1.8

7/‘5'5/\ & (EFEA, E5EA2)

RiRSE {xl} [0,1], S, = 1x,; =[0,1]

E bR: 51 WERR Gk, aRmADHER, 0K

ﬁ‘%%mﬂl

f0<x <x,<l-x <1
or0<1—-x <x,<x <1
U, =1a, if0<x =x,<I U,=1a,
if0<x,<x <l-x,<I1

0,

w,

or0<l-x,<x <x, <1

Game Theory--Chapter 1

if0<x,<x <l-x,<1

or0<1l-x,<x <x,<1
if0<x =x,<I
fO0<x <x,<l-x<1

or0<l—-x <x,<x <1

190



/8.8

AU MITMAIZE RIE x, = x, =0.5 (ELL,

(x, € {xl DX, <X, <1—x2} x, <0.5
B, (x,) =1 X, =X, x,=0.5

X, e{xl 1—-x, <x <x2} x, >0.5

(x, e{x2 X < X, <1—X1} x, <0.5

X1

B,(x,) =1 X, =X, x,=0.5

X, e{x2 1—-x, <x, <X1} x, >0.5
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>Jri1.8

FESi5E AROHotelling BRI HIE R , - x, = 0.5,
=515 ABIHotelling i EL R A 7 IE AL SRR AN 31857
EBLUFATREAIE R

=MD NER IR

=AEEAR, B MER—E,

= AEEARBIONE.
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