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Outline of Static Games of Incomplete 
Information 
n Introduction to static games of incomplete 

information
n Normal-form (or strategic-form) 

representation of static Bayesian games
n Bayesian Nash equilibrium
n Applications---Auction

Game Theory-Chapter 3
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a static game of incomplete 
information
n������������?
n 1. ������
���
n 2. ������Cournot����
n 3. �������	�
n 4.  ����
�First-price, sealed-bid 

auction�

Game Theory-Chapter 3
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Static (or simultaneous-move) games 
of complete information
n ���(�$�������

n ������"�/%�(
n �����"�#������������"
�#�����Payoffs received by each player 
for the combinations of the strategies, or for each 
player, preferences over the combinations of the 
strategies

n ��'
�!�����	������
� 
&�common knowledge�.

Game Theory-Chapter 3
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Static (or simultaneous-move) games 
of INCOMPLETE information
n(0��+3 /�����&��"5.�
>-�=/�#
	��2:�

n����&'�1

Ø8!,������7�3/2<.��)
�=/��������/6��type�

n����&?%�$
94	?%;�*�$
�static Bayesian games�

Game Theory-Chapter 3
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Prisoners’ dilemma of 
complete information
n ��18�3�;'"��&)���;����50 ��-
<+",�?>(. 

n ��18�3�;�6
�*7:
Ø �/��A��4�!�;�	@#18��2��.. 
Ø �/�+A�4�A!;��2��.. 
Ø �/��%=9���$��4�%=5�+!C�:B�
9���!��2
�..

Prisoner 2

Mum Confess

Prisoner 
1

Mum -1 , -1 -9 ,   0
Confess 0 ,  -9 -6 ,  -6

Game Theory-Chapter 3
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Prisoners’ dilemma of 
incomplete information
n Prisoner 1��&�'�,�'�selfish�.
n Prisoner 2�+�&�'�,�'� ,
�+���'
�altruistic�, /������3��happy�.  

n �"����'�1	� ���mum��-� “confess” *�
2���$��!�.

n Prisoner 1�+)�'(0 prisoner 2�&�'.���', 
�
����believes� prisoner 2&�'#%� 0.8, ��'#%�
0.2.

Payoffs if prisoner 2 is 
altruistic

Prisoner 2
Mum Confess

Prisoner 1
Mum -1 , -1 -9 ,  -4

Confess 0 ,  -9 -6 , -10
Game Theory-Chapter 3
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Prisoners’ dilemma of 
incomplete information (continued)
n �
prisoner 1��prisoner 2���� belief�, 

prison 1 ��������?
n ��prisoner 2 ����
������	�����
��?

Payoffs if prisoner 2 is 
rational

Prisoner 2
Mum Confess

Prisoner 1
Mum -1 , -1 -9 ,   0

Confess 0 ,  -9 -6 ,  -6

Payoffs if prisoner 2 is 
altruistic

Prisoner 2
Mum Confess

Prisoner 1
Mum -1 , -1 -9 ,  -4

Confess 0 ,  -9 -6 , -10
Game Theory-Chapter 3
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Prisoners’ dilemma of 
incomplete information (continued)
n ': 

Ø Prisoner 1*� confess, $�	�prisoner 2!��
Ø Prisoner 2��� ��*� confess�����	!�

*� mum

n )�
��
(Confess, (Confess if rational, Mum if altruistic))

n Confess� prisoner 1�prisoner 2!*�(Confess if 
rational, Mum if altruistic)!����. 

n (Confess if rational, Mum if altruistic)� prisoner 2�
prisoner 1*�Confess!����

n )+!��#��%&"�(��#��%
�Bayesian Nash equilibrium�

Game Theory-Chapter 3
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Cournot duopoly model of 
complete information
n��
��:

Ø����: { Firm 1, Firm 2}
Ø���: S1=[0, +∞), S2=[0, +∞)
Ø
���: 

u1(q1, q2)=q1(a-(q1+q2)-c),  
u2(q1, q2)=q2(a-(q1+q2)-c)

n ��������	��

Game Theory-Chapter 3
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Cournot duopoly model of 
incomplete information
n�(�,%����$����.)"�: firm 

1 �firm 2. �1��#q1�q2*'. 
n�
��/��
%�1.
n���!: P(Q)=a-Q,-0 a�����
Q=q1+q2.

n Firm 1%� ��: C1(q1)=cq1.
n	���
�&+

Game Theory-Chapter 3
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Cournot duopoly model of 
incomplete information (continued)
n Firm 25AD&.�?
0��-�;#7C5�9

(�'/2$).�5AD&.�:,
Ø @E�HIGH�: &.�*: C2(q2)=cHq2.
Ø @��LOW�: &.�*: C2(q2)=cLq2.

n �4��, firm 2:�<!�B��9%��87C�
5AD&.�
��2$. 

n �,, firm 1�:�87C firm 25&.. 	",>,��
:8 firm 25)6.

n Firm 1(+ firm 25&.�*
Ø 
q513�C2(q2)=cHq2
Ø 
1–q513�C2(q2)=cLq2.

n 
�����7=

Game Theory-Chapter 3
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Cournot duopoly model of 
incomplete information (continued)

����� Cournot
����
�# 

Firm 2!�� &��%(���)��. 

• ����%(��$), 	 222 )( qcqC H= ,'�"��� 1q , 
��#  

0           ..
])([       

2

212

³
-+-

qts
cqqaqMax H  

• FOC:  )(
2
1)(       02 1221 HHH cqacqcqqa --=Þ=---  

• )(2 Hcq  � firm 2� 1q �����,����%(��$). 

Game Theory-Chapter 3
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Cournot duopoly model of 
incomplete information (continued)

Firm 2�����	���������. 

• ��	�������,� 222 )( qcqC L= , ���
�� 1q ,  
	��  

0           ..
])([       

2

212

³
-+-

qts
cqqaqMax L  

• FOC:  )(
2
1)(       02 1221 LLL cqacqcqqa --=Þ=---  

 

• )(2 Lcq  � firm 2� 1q ����
, ��	�������. 

Game Theory-Chapter 3
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Cournot duopoly model of 
incomplete information (continued)
• Firm 1�	���
����� 111 )( cqqC = .  
• Firm 1���	��� firm 2���������.  
• ��
�� firm 2������q���� 222 )( qcqC H= , 
� q-1  ���� 222 )( qcqC L=   

• ����, 
�� firm 2��� )(2 Hcq ����q , ���
)(2 Lcq ���� q-1 . 
�
� 

0      ..
]))(([)1(           

]))(([   

1

211

211

³
-+-´-+

-+-´

qts
ccqqaq

ccqqaqMax

L

H

q
q

 

Game Theory-Chapter 3
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Cournot duopoly model of 
incomplete information (continued)
• Firm 1���: 

0      ..
]))(([)1(           

]))(([   

1

211

211

³
-+-´-+

-+-´

qts
ccqqaq

ccqqaqMax

L

H

q
q

 

• FOC: 

0])(2[)1(])(2[ 2121 =----+--- ccqqaccqqa LH qq  

��,   
2

])([)1(])([ 22
1

ccqaccqaq LH ---+--
=

qq  

• 1q  � firm 1���
��
����firm 2���q�	
)(2 Hcq , ��� q-1 �	 )(2 Lcq   

Game Theory-Chapter 3
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Cournot duopoly model of 
incomplete information (continued)
• ����
  

)(
2
1)( 12 HH cqacq --=

 

)(
2
1)( 12 LL cqacq --=

 

2
])([)1(])([ 22

1
ccqaccqaq LH ---+--

=
qq

 
 

• ��
��	�����
�. ��
 

Game Theory-Chapter 3



18

Cournot duopoly model of 
incomplete information (continued)

)(
6
1)2(

3
1)(*2 LHHH ccccacq -

-
++-=

q  

)(
6

)2(
3
1)(*2 LHLL ccccacq --+-=

q
 

3
)1(2*

1
LH cccaq qq -++-

=  

• Firm 1 $� *
1q  

• Firm 2��"&��!'�$� )(*2 Hcq  , ��"&��!
�$
� )(*2 Lcq . 

• #����( *
1q , ( )(*2 Hcq , )(*2 Lcq )) 

• ������%�������%��	
� 
• ��������� ������.  

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version one) (continued)

)(
6
1)2(

3
1)(*2 LHHH ccccacq -

-
++-=

q  

)(
6

)2(
3
1)(*2 LHLL ccccacq --+-=

q
 

3
)1(2*

1
LH cccaq qq -++-

=  

• )
���( *
1q , ( )(*2 Hcq , )(*2 Lcq )) 

• Firm 1*� *
1q  ��� firm 2! ( )(*2 Hcq , )(*2 Lcq )(��),��� )!�

	��. 

• �� firm 2!(-��'.�HIGH��+� firm 2*� )(*2 Hcq  ����
firm 1! *

1q !�	��. 

• �� firm 2!(-��'
�LOW��+� firm 2*� )(*2 Lcq ����

firm 1! *
1q !�	��. 

• )�#��$%"�&��#��$.  Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version two)
n�%�)"����!����+&��: firm 

1 �firm 2. �.�� q1�q2'$. 
n�
��,��
"�..
n����: P(Q)=a-Q,*- a�����
Q=q1+q2.

n	���
�#(

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version two) (continued)
n Firm 2/:= (
8�*��'�5�1</�3

(�!),�).�/:= (�4&
Ø 9>�HIGH�:  (�$: C2(q2)=cHq2.
Ø 9��LOW�: (�$: C2(q2)=cLq2.

n �.	�, firm 24�6��;��3���21<�
/:= (��&>&�. 

n �&, firm 1�4�21< firm 2/ (. ��&7,��
42� firm 2/#0.

n Firm 1"% firm 2/ (�$
Ø 
q/+-�C2(q2)=cHq2
Ø 
1–q/+-�C2(q2)=cLq2.

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version two) (continued)
n Firm 1*69�$�
4�%��#�1�,8*'
.�independent��/.�*69�$�0"
Ø 5:�HIGH�: )	� : C1(q1)=cHq1.
Ø 5��LOW�: )	� : C1(q1)=cLq1.

n �)	�, firm 10�2��7��/���-,8�
*69�$":"�. 

n �", firm 2�0�-,8 firm 1*�$. ��"3,��
0-� firm 1*�+.

n Firm 2�! firm 1*)	� 
Ø 
q*&(�C1(q1)=cHq1
Ø 
1–q*&(�C1(q1)=cLq1.

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version two) (continued)
• Firm 1���
����%��"(���*��.  
• Firm 1� ����% firm 2�"(���*��.  
• ����� firm 2���	�  

Ø ���q� 222 )( qcqC H=  (#&�$� )(2 Hcq ). 
Ø ��� q-1 � 222 )( qcqC L=  (#&�$� )(2 Lcq ). 

• �����
 firm 1� firm 2����! firm 1�'). 

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version two) (continued)

Firm 1� ��'�����*�
. 
• ����%)��$*�HIGH�, � 111 )( qcqC H= , (�, !���

firm 2���,��#  

0      ..
]))(([)1( ]))(([   

1

211211

³
-+-´-+-+-´

qts
ccqqaqccqqaqMax HLHH qq

 

• FOC: 
0])(2[)1(])(2[ 2121 =----+--- HLHH ccqqaccqqa qq  

�",   
2

])([)1(])([)( 22
1

HLHH
H

ccqaccqacq ---+--
=

qq  

• �� firm 1�%)��$*� )(1 Hcq � firm 1�������	

��firm 2���q  &� )(2 Hcq , ��� q-1 &� )(2 Lcq . 

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version two) (continued)

Firm 1
���&��$(���)�	. 
• 
���$(��#	�LOW�,� 111 )( qcqC L= , '�,  ���

firm 2���,��"  

0      ..
]))(([)1( ]))(([   

1

211211

³
-+-´-+-+-´

qts
ccqqaqccqqaqMax LLLH qq

 

• FOC: 
0])(2[)1(])(2[ 2121 =----+--- LLLH ccqqaccqqa qq  

�!,   
2

])([)1(])([)( 22
1

LLLH
L

ccqaccqacq ---+--
=

qq  

• 
� firm 1$(��#	, )(1 Lcq � firm 1����������� 
firm 2���q%� )(2 Hcq , ��� q-1 %� )(2 Lcq . 

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version two) (continued)
• Firm 2���	���%
�#'���)��.  
• Firm 2�!	���% firm 1�#'���)��.  
• ��
�� firm 1���
�  

Ø ���q� 111 )( qcqC H=  (
$� )(1 Hcq ). 
Ø ��� q-1 � 111 )( qcqC L=  (
$� )(1 Lcq ). 

• �� � firm 2� firm 1�������" firm 2�&(. 

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version two) (continued)

Firm 2����$��"&���'��. 
• ����"&��!', 	 222 )( qcqC H= , %�, �
�� firm 1��
�, ��   

0      ..
]))(([)1( ]))(([   

2

212212

³
-+-´-+-+-´

qts
cqcqaqcqcqaqMax HLHH qq

 

• FOC: 
0]2)([)1(]2)([ 2121 =----+--- HLHH cqcqacqcqa qq  

��,   
2

])([)1(])([)( 11
2

HLHH
H

ccqaccqacq ---+--
=

qq  

• �� firm 2"&��!', )(2 Hcq � firm 2��������
�� 
firm 1���q  #� )(1 Hcq , ��� q-1 #� )(1 Lcq . 

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version two) (continued)

Firm 2����$��"&���'��. 
• ����"&��!�, 	 222 )( qcqC L= , %�, �
�� firm 1��
�, ��   

0      ..
]))(([)1( ]))(([   

2

212212

³
-+-´-+-+-´

qts
cqcqaqcqcqaqMax LLLH qq

 

• FOC: 
0]2)([)1(]2)([ 2121 =----+--- LLLH cqcqacqcqa qq  

��,   
2

])([)1(])([)( 11
2

LLLH
L

ccqaccqacq ---+--
=

qq  

• �� firm 2�"&��!�, )(2 Lcq � firm 2��������

�� firm 1���q#� )(1 Hcq , ��� q-1 #� )(1 Lcq . 

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version two) (continued)

• �����  

2
])([)1(])([)( 22

1
HLHH

H
ccqaccqacq ---+--

=
qq  

2
])([)1(])([)( 22

1
LLLH

L
ccqaccqacq ---+--

=
qq  

2
])([)1(])([)( 11

2
HLHH

H
ccqaccqacq ---+--

=
qq  

2
])([)1(])([)( 11

2
LLLH

L
ccqaccqacq ---+--

=
qq  

 
• ����
��	. 
� )()( 21 HH cqcq =  � )()( 21 LL cqcq = . ������
����������������. 

)(
6
1)(

3
1)()( *

2
*
1 LHHHH cccacqcq -

-
+-==

q
 

)(
6

)(
3
1)()( *

2
*
1 LHLLL cccacqcq ---==

q
 Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version two) (continued)
• %
�
�(( )(*1 Hcq , )(*1 Lcq ), ( )(*2 Hcq , )(*2 Lcq )) 

 
• �� firm 1�$(��#)�'��&� )(*1 Hcq  ���� firm 2�

( )(*2 Hcq , )(*2 Lcq ) (�	��)�����. 
• �� firm 1�$(��#��'��&� )(*1 Lcq  ���� firm 2�

( )(*2 Hcq , )(*2 Lcq ) (�	��)�����. 
• �� firm 2�$(��#)�'��&� )(*2 Hcq  ���� firm 1� 

( )(*1 Hcq , )(*1 Lcq ) (�	��)�����. 
• �� firm 2�$(��#��'��&� )(*2 Lcq  ���� firm 1� 

( )(*1 Hcq , )(*1 Lcq ) (�	��)�����. 
 
• %���� !��"����� .  

Game Theory-Chapter 3
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battle of the sexes

n ���&�
���Chris �Pat �/��"�!'%�+!�
' 
. 

n Chris � Pat .(-����:
Ø ���.����)�*,��". 
Ø 	!Chris#�$%�.
Ø Pat�#�$ 
.

2 , 1 0 ,  0
0 ,  0 1 , 2

Chris

Pat
Prize Fight

Opera

Prize Fight

Opera

Game Theory-Chapter 3
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Battle of the sexes with incomplete 
information (version one)
n $�Pat%��
*�
��.��happy�.
n ��
.��,�
%��	!���.
n ��
�.��,�
����'�"��
%
��)�-%(�.

n Chris�&+ Pat��.�. ��Chris��Pat�
0.5% #.���0.5% #�.�

Payoffs if Pat is 
unhappy

Pat
Opera Prize Fight

Chris
Opera 2 ,  0 0 ,  2

Prize Fight 0 ,  1 1 ,  0

Game Theory-Chapter 3
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Battle of the sexes with incomplete 
information (version one) (continued)
n�����?

Payoffs if Pat is unhappy  
with probability 0.5

Pat
Opera Prize Fight

Chris
Opera 2 ,  0 0 ,  2

Prize Fight 0 ,  1 1 ,  0

Payoffs if Pat is happy 
with probability 0.5

Pat
Opera Prize Fight

Chris
Opera 2 ,  1 0 ,  0

Prize Fight 0 ,  0 1 ,  2

Game Theory-Chapter 3
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Battle of the sexes with incomplete 
information (version one) (continued)
n ����

Ø �"Chris.� opera/
Pat%����: opera��"�0
��, prize fight��"��0��

Ø �,Pat0��.� opera, �0��.�prize fight. Chris%
������
?

Ø (*Chris.� opera%����"#�Pat0���Chris
%�&	2��" Pat�0���Chris%�&	0. 
)
Chris%! �&�expected payoff ��2´0.5+ 0´0.5=1

Ø (*Chris.� prize fight%����"#�Pat0���
Chris%�&	0,�" Pat�0���Chris%�&	1.
)
Chris%! �&�0´0.5+ 1´0.5=0.5

Ø $� 1>0.5, Chris%�����opera

Ø ��-��'��+: (opera, (opera if happy and prize fight
if unhappy))

Game Theory-Chapter 3
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Battle of the sexes with incomplete 
information (version one) (continued)
n ����

Ø �"Chris.� prize fight/
Pat%����: prize 
fight��"�0��, opera��"��0��

Ø �,Pat0��.� prize fight, �0��.�opera. 
Chris%������
? 

Ø (*Chris.� opera%����"#�Pat0���Chris
%�&	0 ��" Pat�0���Chris%�&	2.
)
Chris%! �&�0´0.5+ 2´0.5=1

Ø (*Chris.� prize fight%����"#�Pat0���
Chris%�&	1 ,�" Pat�0���Chris%�&	0.

)Chris%! �&�1´0.5+ 0´0.5=0.5

Ø $�1>0.5, Chris%�����opera
Ø (Prize fight, (prize fight if happy and opera if unhappy))
����-��'��+.

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version three) (continued)
n Firm 2���	$������#��&��
! (�����). ����
"
Ø%'�HIGH�: ����: C2(q2)=cHq2.
Ø%��LOW�: ����: C2(q2)=cLq2.

n Firm 1����	$���
����#��
&�� ��� � (independent or 
dependent)�!. ����
"
Ø%'�HIGH�: ����: C1(q1)=cHq1.
Ø%��LOW�: ����: C1(q1)=cLq1.

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version three) (continued)

n Firm 1
������
	�. ��
 
Ø )(1 Hcq  ���
	��� 
Ø )(1 Lcq  ���
	��� 
 

n Firm 2
�������
	�. ��
 
Ø )(2 Hcq ���
	��� 
Ø )(2 Lcq ���
	��� 

 
 

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version three) (continued)

n ���, firm 1
"�!%�����'��.  
n ��, firm 1�#
"�!% firm 2��. 
, ��#"� firm 2��
 . 

n Firm 1��������$'�&� firm 2������ 
Ø 222 )( qcqC H=  ��� )|( 121 HH ccccp == ,  
Ø 222 )( qcqC L=  ��� )|( 121 HL ccccp == . 

n Firm 1��������$��&� firm 2������ 
Ø 222 )( qcqC H=  ��� )|( 121 LH ccccp == ,  
Ø 222 )( qcqC L=  ��� )|( 121 LL ccccp == . 

 
n  	: )|( 121 HH ccccp == q==== )|( 121 LH ccccp  

)|( 121 HL ccccp == q-==== 1)|( 121 LL ccccp  �������. 
Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version three) (continued)

n ��
, firm 2
# "&� ���(��.  
n ��, firm 2�$#� "& firm 1 ��. �, ��$#� firm 1 
�!. 

n Firm 2����� ��%(�'� firm 1 ����� 
Ø 111 )( qcqC H=  ��� )|( 212 HH ccccp == ,  
Ø 111 )( qcqC L=  ��� )|( 212 HL ccccp == . 

n Firm 2����� ��%��'� firm 1 ����� 
Ø 111 )( qcqC H=  ��� )|( 212 LH ccccp == ,  
Ø 111 )( qcqC L=  ��� )|( 212 LL ccccp == . 

 
n  	: )|( 212 HH ccccp == q==== )|( 212 LH ccccp  

)|( 212 HL ccccp == q-==== 1)|( 212 LL ccccp  �������. 

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version three) (continued)

Firm 1 knows exactly its cost is high or low. 
• If its cost is HIGH, i.e. 111 )( qcqC H= , then, given its belief on firm 

2, it will solve  

0      ..
]))(([)|(            

 ]))(([)|(    

1

211121

211121

³
-+-´==+
-+-´==

qts
ccqqaqccccp
ccqqaqccccpMax

HLHL

HHHH

 

• FOC: 

0])(2[)|(     
])(2[)|(

21121

21121

=---==+
---==

HLHL

HHHH

ccqqaccccp
ccqqaccccp

 

Hence,    

2
)()|()()|()( 21212121

1
LHLHHHH

H
cqccccpcqccccpcacq ==-==--

=  

• )(1 Hcq  is firm 1's best response to its belief (probability) on firm 
2's ( )(2 Hcq , )(2 Lcq ) if firm 1's cost is HIGH. 

u1(q1, q2(cH); cH)

u1(q1, q2(cL); cH)

Game Theory-Chapter 3
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Cournot duopoly model of incomplete
information (version three) (continued)

Firm 1 knows exactly its cost is high or low. 
• If its cost is LOW, i.e. 111 )( qcqC L= , then, given its belief on firm 2, 

it will solve  

0      ..
]))(([)|(            

 ]))(([)|(    

1

211121

211121

³
-+-´==+
-+-´==

qts
ccqqaqccccp
ccqqaqccccpMax

LLLL

LHLH

 

• FOC: 

0])(2[)|(     
])(2[)|(

21121

21121

=---==+
---==

LLLL

LHLH

ccqqaccccp
ccqqaccccp

 

Hence,    

2
)()|()()|()( 21212121

1
LLLHLHL

L
cqccccpcqccccpcacq ==-==--

=  

• )(1 Lcq  is firm 1's best response to its belief (probability) on firm 
2's ( )(2 Hcq , )(2 Lcq ) if firm 1's cost is LOW. 

u1(q1, q2(cH); cL)

u1(q1, q2(cL); cL)
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Cournot duopoly model of incomplete
information (version three) (continued)

Firm 2 knows exactly its cost is high or low. 
• If its cost is HIGH, i.e. 222 )( qcqC H= , then, given its belief on firm 

1, it will solve  

0      ..
]))(([)|(           

 ]))(([)|(   

2

212212

212212

³
-+-´==+
-+-´==

qts
cqcqaqccccp
cqcqaqccccpMax

HLHL

HHHH

 

• FOC: 

0]2)([)|(  
]2)([)|(

21212

21212

=---==+
---==

HLHL

HHHH

cqcqaccccp
cqcqaccccp

 

Hence,    

2
)()|()()|()( 12121212

2
LHLHHHH

H
cqccccpcqccccpcacq ==-==--

=  

• )(2 Hcq  is firm 2's best response to its belief (probability) on firm 
1's ( )(1 Hcq , )(1 Lcq ) if firm 2's cost is HIGH. 

u2(q1(cH), q2; cH)

u2(q1(cL), q2; cH)
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Cournot duopoly model of incomplete
information (version three) (continued)

Firm 2 knows exactly its cost is high or low. 
• If its cost is LOW, i.e. 222 )( qcqC L= , then, given its belief on firm 1, 

it will solve  

0      ..
]))(([)|(           

 ]))(([)|(   

2

212212

212212

³
-+-´==+
-+-´==

qts
cqcqaqccccp
cqcqaqccccpMax

LLLL

LHLH

 

• FOC: 

0]2)([)|(  
]2)([)|(

21212

21212

=---==+
---==

LLLL

LHLH

cqcqaccccp
cqcqaccccp

 

Hence,    

2
)()|()()|()( 12121212

2
LLLHLHL

L
cqccccpcqccccpcacq ==-==--

=  

• )(2 Lcq  is firm 2's best response to its belief (probability) on firm 
1's ( )(1 Hcq , )(1 Lcq ) if firm 2's cost is LOW. 

u2(q1(cH), q2; cL)

u2(q1(cL), q2; cL)
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Cournot duopoly model of incomplete
information (version three) (continued)
• �����
����
����. 

2
)()|()()|()( 21212121

1
LHLHHHH

H
cqccccpcqccccpcacq ==-==--

=  

2
)()|()()|()( 21212121

1
LLLHLHL

L
cqccccpcqccccpcacq ==-==--

=

 

2
)()|()()|()( 12121212

2
LHLHHHH

H
cqccccpcqccccpcacq ==-==--

=  

2
)()|()()|()( 12121212

2
LLLHLHL

L
cqccccpcqccccpcacq ==-==--

=
 

 

• ��
�����
�����	�����. 
( ))(  ),( *

1
*
1 LH cqcq  

( ))(  ),( *
2

*
2 LH cqcq  

Game Theory-Chapter 3



45

Cournot duopoly model of incomplete
information (version three) (continued)
• �	���
�:  (( )(*1 Hcq , )(*1 Lcq ), ( )(*2 Hcq , )(*2 Lcq )) 

 
• �� firm 1�� ���!������ )(*1 Hcq  ���
 firm 2� 

( )(*2 Hcq , )(*2 Lcq ) (����)�����. 
• �� firm 1�� ���������� )(*1 Lcq  ���
 firm 2� 

( )(*2 Hcq , )(*2 Lcq )(����)�����. 
• �� firm 2�� ���!������ )(*2 Hcq ���
 firm 1�  

( )(*1 Hcq , )(*1 Lcq )(����)�����. 
• �� firm 2�� ���������� )(*2 Lcq  ���
 firm 1�  

( )(*1 Hcq , )(*1 Lcq )(����)�����. 
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Normal-form representation of static 
Bayesian games

n ������" n
:!��,*� 36�#: 
Ø ��)8��
9�{1, 2, ..., n}, 
Ø ��
,2�9 nAAAA  ...,  ,  ,  , 321  �� 
Ø �
,0�/7�type spaces�                     
Ø �
,$'  
Ø �
,%-�& 
Ø +                                                                             
3. 

n 54:����
,%-�&����	 n���
,2
��1���	�,0�. 

n iT  ( player i ,0�9�type set�.  
n �: }  ,{1 LH ccT = , }  ,{2 LH ccT =  

   

nTT ,,1 !
npp ,,1 !

nuu ,,1 !
},,;,,;,;,,{ 1111 nnnn uuppTTAAG !!!!=
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Normal-form representation of static 
Bayesian games: payoffs
n Player i���
�� �: 

  . , ..., , ,for   ) ; ..., , ,( 221121 iinnini TtAaAaAataaau ÎÎÎÎ  
n �: ])([) ; ,( 211211 HH cqqaqcqqu -+-=  

  ])([) ; ,( 211211 LL cqqaqcqqu -+-=  
 
n �����"�!�����
. ���, ��!������

�. 

n �����"������	������
. ���,���
��	�������
�. 
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Normal-form representation of static 
Bayesian games: beliefs (probabilities)
n Player i 
������	���, ��� 

 
. ..., , ,for   ) | ..., , , ..., , ,( 22111121 nniniii TtTtTtttttttp ÎÎÎ+-   or  

 
. ..., , ,  ), ..., , , ..., , ,(   where) |( 22111121 nnniiiiii TtTtTtttttttttp ÎÎÎ= +---  

n Player i���
���� 
 
n �:  

   )|( 121 HH ccccp ==  
   )|( 121 LH ccccp ==  
   )|( 121 HL ccccp ==  
   )|( 121 LL ccccp ==  
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08"=+(the Harsanyi
transformation)�p.116�
n!� ��(B'�D=�� ��� 6�
(�'�D.

n (1)%�9)2“71”�D-E71<	�D�
-25��?t=(t1, …,tn),��ti#
�:ATi;

n (2)71�4���i7$25�ti����;�

���25�;

n (3)����.>*:��/C���i��:
AAi�>*ai;

n (4)@71�����-&�,3ui(a1, …,an; ti)
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�� ! �p.117�

n0*&�
7,'+��p(t)4����	/
��6t=(t1, …,tn),$��-2

n0*�-��	i,/�ti#�
��&�3�
")�1.�
��	/�,%�'+���
 !

n�Ti�,(8�ti �5�1.�

Game Theory-Chapter 3 50

( )i i ip t t-

( )i i ip t t- ( , ) ( , )( )
( ) ( , )

i i

i i i i
i i i
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p t p t t

- -

- -
-
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Î
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å
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Strategy

n In a static Bayesian game, a strategy for player i is a 
function  iiii Ttts Îeach for   ) ( .   

 
n ) ( ii ts  specifies what player i does for her each type ii Tt Î  
 
n Example: ( )(1 Hcq , )(1 Lcq ) is a strategy for firm 1 in the 

Cournot model of incomplete information (version three). 

iiiii ATtts ®Î":)(
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Bayesian Nash equilibrium: 2-player
n � 2�������
 } , ; , ; , ; ,{ 21212121 uuppTTAA �, ��

)( ),( *
2

*
1 •• ss  ���������	����  
Ø � player 1�����
 11 Tt Î , )( 1

*
1 ts  �� 

  

              å
ÎÎ 2211

)|() );( ,(   12112
*
211

TtAa
ttpttsauMax  

 
Ø � player 2�����
 22 Tt Î , )( 2

*
2 ts  �� 

  

              å
ÎÎ 1122

)|() ; ),((   212221
*
12

TtAa
ttptatsuMax  
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Bayesian Nash equilibrium: 2-player

n In a static Bayesian 2-player game } , ; , ; , ; ,{ 21212121 uuppTTAA , the 
strategies )( ),( *

2
*
1 •• ss  are pure strategy Bayesian Nash equilibrium 

if for each i and j, (assume ....} , ,{ ....}, , ,{ 2221212111 ttTttT == ) 
 

)( 11
*
1 ts   )( 21

*
2 ts  

)( 12
*
1 ts   )( 22

*
2 ts  

!  ! 
!  )( 2

*
2 jts  

)( 1
*
1 its   ! 
!  )( 2

*
2 nts  

)( 1
*
1 nts   ! 
!   

 

player 1’s best response 
if her type is t1i

player 2’s best response 
if her type is t2j

In the sense of expectation 
based on her belief

In the sense of expectation 
based on her belief
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battle of the sexes

n ���&�
���Chris �Pat �/��"�!'%�+!�
' 
. 

n Chris � Pat .(-����:
Ø ���.����)�*,��". 
Ø 	!Chris#�$%�.
Ø Pat�#�$ 
.

2 , 1 0 ,  0
0 ,  0 1 , 2

Chris

Pat
Prize Fight

Opera

Prize Fight

Opera
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Battle of the sexes with incomplete 
information (version two)
n Pat#���&����)
.���)
�(�
�#��� ���.

n ����)
�(������%�!�.
n Chris�$' Pat���)
. 
�Chris��Pat
	0.5#�")
�	0.5#�"�)


n Chris#����&����)
.���)
�(
��#��� ���.

n ����)
�(������%�!�.
n Pat�$'Chris���)
. 
� Pat ��Chris
	 2/3#�")
�	1/3#�"�)
.
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Battle of the sexes with incomplete 
information (version two) (continued)

n �� ((Opera if happy, Opera if unhappy), (Opera if 
happy, Fight if unhappy)) �����Bayesian NE

Chris is happy 
Pat is happy

Pat
Opera Fight

Chris
Opera 2 ,  1 0 ,  0
Fight 0 ,  0 1 ,  2

Chris is happy 
Pat is unhappy

Pat
Opera Fight

Chris
Opera 2 ,  0 0 ,  2
Fight 0 ,  1 1 ,  0

Chris is unhappy 
Pat is happy

Pat
Opera Fight

Chris
Opera 0 ,  1 2 ,  0
Fight 1 ,  0 0 ,  2

Chris is unhappy 
Pat is unhappy

Pat
Opera Fight

Chris
Opera 0 ,  0 2 ,  2
Fight 1 ,  1 0 ,  0
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Battle of the sexes with incomplete 
information (version two) (continued)

n ��((Opera if happy, Opera if unhappy), (Opera if happy, 
Fight if unhappy)) �
���%��"��$.  

Ø �� Chris(
�'� Chris� Pat  (Opera if happy, 
Fight is unhappy) �	�� 
• �� Chris&� Opera �'� Pat(
(��� 0.5)�

Chris �!� 2�# Pat�(
(��� 0.5)� Chris �
!� 0. � ���!=2´0.5+0´0.5=1 

• �� Chris&� Fight�'� Pat(
(��� 0.5)� Chris
 �!� 0�# Pat�(
(��� 0.5)� Chris �!�
1. � ���!=0´0.5+1´0.5=0.5 

• �#, �� Chris(
�� �	��� Opera. 
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Battle of the sexes with incomplete 
information (version two) (continued)
n ��((Opera if happy, Opera if unhappy), (Opera if happy, 

Fight is unhappy)) �
���%��"��$.  
Ø �� Chris�(
�'��� Pat  (Opera if happy, 

Fight is unhappy) �	�� 
• �� Chris&� Opera�'� Pat (
(��� 0.5)�

Chris �!� 0,# Pat �(
(��� 0.5)� Chris �
!� 2. � ���!=0´0.5+2´0.5=1 

• �� Chris&� Fight �'� Pat (
(��� 0.5)�
Chris �!� 1, # Pat �(
(��� 0.5)� Chris �
!� 0. � ���!=1´0.5+0´0.5=0.5 

• �#,�� Chris�(
�'�� �	��� Opera. 
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Battle of the sexes with incomplete 
information (version two) (continued)

n ��((Opera if happy, Opera if unhappy), (Opera if happy, 
Fight if unhappy)) �����%
�"��$.  

Ø �� Pat(��'� Pat� Chris (Opera if happy, 
Opera if unhappy) �
�� 
• �� Pat&� Opera �'� Chris(�(��� 2/3)� Pat
 �!� 1�# Chris�(�(��� 1/3)� Pat �!� 1. 
	 ���!=1´(2/3)+1´(1/3)=1 

• �� Pat&� Fight�'� Chris(�(��� 2/3)� Pat 
�!� 0�# Chris�(�(��� 1/3)� Pat �!� 0. 
	 ���!=0´(2/3)+0´(1/3)=0 

• �#, �� Pat(��'�	 �
��� Opera . 
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Battle of the sexes with incomplete 
information (version two) (continued)

n ��((Opera if happy, Opera if unhappy), (Opera if happy, Fight 
if unhappy)) �����'��$��&.  

Ø �� Pat�*��)� Pat� Chris"(Opera if happy, 
Opera if unhappy)"��
� 
• �� Pat(� Opera �)� Chris*�( !� 2/3)� Pat"
�#� 0�% Chris�*�( !� 1/3)� Pat"�#� 0. 	"
���#=0´(2/3)+0´(1/3)=0 

• �� Pat(� Fight �)� Chris*�( !� 2/3)� Pat"�
#� 2�% Chris�*�( !� 1/3)� Pat"�#� 2. 	"�
��# 2´(2/3)+2´(1/3)=2 

• �%, �� Pat�*��)�	"��
�� Fight. 
 
n�
, ((Opera if happy, Opera if unhappy), (Opera if happy, Fight 

is unhappy)) ���'��$��&. 
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Battle of the sexes with incomplete 
information (version two) (continued)

Chris is 
unhappy

Pat  (0.5, 0.5)
(O,O) (O,F) (F,O) (F,F)

Chris
O 0 1 1 2

F 1 1/2 1/2 0

Chris is
happy

Pat  (0.5, 0.5)
(O,O) (O,F) (F,O) (F,F)

Chris
O 2 1 1 0
F 0 1/2 1/2 1

Chris�
 Pat�0.5�����,�0.5������

��Chris����Pat��(Opera if 
happy, Fight if unhappy)��Chris��
Fight�Chris�
�	�
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Battle of the sexes with incomplete 
information (version two) (continued)

Pat is happy Pat
O F

Chris
(2/3, 1/3)

(O,O) 1 0
(O,F) 2/3 2/3
(F,O) 1/3 4/3
(F,F) 0 2

Pat is unhappy Pat
O F

Chris
(2/3, 1/3)

(O,O) 0 2
(O,F) 1/3 4/3
(F,O) 2/3 2/3
(F,F) 1 0

Pat�
 Chris�2/3�����, �1/3������

��Pat�����Chris��(Fight if 
happy, Fight if unhappy)��Pat’s��
Opera�Pat�
�	�
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Battle of the sexes with incomplete 
information (version two) (continued)
n
	 ((Fight if happy, Opera if unhappy), 

(Fight if happy, Fight is unhappy)) �����

������. (Y)

n
	 ((Opera if happy, Opera if unhappy), 
(Opera if happy, Fight is unhappy))����
�
������.(Y)

n
	 ((Opera if happy, Fight if unhappy), 
(Fight if happy, Opera is unhappy�����

������.(N)
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3.2 Applications

n 3.2.A  Mixed Strategies Revisited

n ---pp119-120.

n 3.2.B  An Auction

n ----pp121-124

n Appendix 3.2. B----pp124-125

n 3.2.C A Double Auction

n -----pp125-129.
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First-price sealed-bid auction (3.2.B of 
Gibbons)

n ��� =)�.  
n ��(2��bidders�, 1 � 2, �.@
2
. 
n 1b�< bidder 15(2�3�bid�� 2b  �< bidder 25(2�3  
n ��/B5(2�?&� %*�"5�� 
n ��(2���&�� 	-A*� 
n !7�5'��, >;:����18$ 
n Bidder i #� 0���� ]1  ,0[Îiv . 1v  � 2v  7�49. 
n Bidder 1 � 25+6�,: 

ï
î

ï
í

ì

<

=
-

>-

=
ï
î

ï
í

ì

<

=
-

>-

=

12

12
22

1222

2212

21

21
11

2111

1211

 if0

 if
2

 if

);,(             

 if0

 if
2

 if

);,(

bb

bbbv
bbbv

vbbu

bb

bbbv
bbbv

vbbu  
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First-price sealed-bid auction (3.2.B of 
Gibbons) (continued)

n ���#$:  
Ø �����, 1 � 2 
Ø "�%(����%
): )  ,0[1 ¥ÎA , )  ,0[2 ¥ÎA  
Ø !�% (��%
): ]1  ,0[1ÎT , ]1  ,0[2 ÎT  
Ø ��: 

     Bidder 1�� 2v � ]1  ,0[  ����
�. 
     Bidder 2�� 1v� ]1  ,0[  ����
�. 
     1v  � 2v  ��� . 

Ø Bidder 1 � 2���	�: 

ï
î

ï
í

ì

<

=
-

>-

=
ï
î

ï
í

ì

<

=
-

>-

=

12

12
22

1222

2212

21

21
11

2111

1211

 if0

 if
2

 if

);,(             

 if0

 if
2

 if

);,(

bb

bbbv
bbbv

vbbu

bb

bbbv
bbbv

vbbu  
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First-price sealed-bid auction (3.2.B of 
Gibbons) (continued)

n bidder 1��

���� )( 11 vb , ]1 ,0[1Îv . 
n bidder 2��

���� )( 22 vb , ]1 ,0[2 Îv . 
 
n �� bidder 1� bidder 2��	, ���� ]1 ,0[1Îv , bidder 1 �� 

)}({Prob)(
2
1)}({Prob)(     2211122111

01
vbbbvvbbbvMax

b
=-+>-

³
 

 
n �� bidder 2� bidder 1��	, ���� ]1 ,0[2 Îv , bidder 2�� 

)}({Prob)(
2
1)}({Prob)(     1122211222

02
vbbbvvbbbvMax

b
=-+>-

³
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First-price sealed-bid auction (3.2.B of 
Gibbons) (continued)

n �� ÷
ø
ö

ç
è
æ ==

2
)(  ,

2
)( 2

2
*
2

1
1

*
1

vvbvvb  ����������	�. 

n �
 bidder 1� bidder 2�
�, ���� ]1 ,0[1Îv , bidder 1��
)( 2

*
2 vb ������� 

)}({Prob)(
2
1)}({Prob)(     2

*
21112

*
2111

01
vbbbvvbbbvMax

b
=-+>-

³
 

}
2

{Prob)(
2
1}

2
{Prob)(     2

111
2

111
01

vbbvvbbvMax
b

=-+>-
³

 

}2{Prob)(
2
1}2{Prob)(     12111211

01
bvbvbvbvMax

b
=-+<-

³
 

111
01

2)(     bbvMax
b

-
³

 

       FOC:     042 11 =- bv    
2

)(       1
11

vvb =Þ  
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First-price sealed-bid auction (3.2.B of 
Gibbons) (continued)
n ��, 	��� ]1 ,0[1Îv , 2

)( 1
1

*
1

vvb =  
 bidder 1	

bidder 2 2
)( 2

2
*
2

vvb = ����
. 

n 	��, 	��� ]1 ,0[2 Îv , 2
)( 2

2
*
2

vvb =  
 bidder 2

	 bidder 1 2
)( 1

1
*
1

vvb = ����
. 
 

n ��, ÷
ø
ö

ç
è
æ ==

2
)(  ,

2
)( 2

2
*
2

1
1

*
1

vvbvvb  
�������. 
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First-price sealed-bid auction (3.2.B of 
Gibbons) (continued)
������ �������Trade-off�: 
 
�����!, �������
; �����	, ����

�������
. 
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3.3 The Revelation Principle

n�����
���	!������	!�
�����#�� "����������
�
�incentive-compatible direct 
mechanism�.

n -----pp129-132.
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