









Derivation of the model's log linearization process
in chapter 5 RBC of Romer's textbook
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Intuition Find the steady state relationships then
linearize equations by approximating about the
logarithmic terms of the steady state variables
As a result the decision rules CICKt At Gt
and Lt Kt At Gt or sayEICKI At GI and
LICIT AI Et are linear So is the capital
evolving equation Ktti KT AI Gt

emote by 2 the steady state value of variable 2
on period t So lnZt lnZ t Et
Ct Nt G Lt _Nt.tt Et _Ct It I
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STEII Find steady state relationships

consider a certainty version of the model i.e Ft Et 0
obviously equations should holdalong the balanced
growth path

Consider now uncertainty disappears
c et Cit r It f e hurt

Taking logarithms on both sides logCHG 29 logCitrthir
so r't Gtf

A H FEc9tfIF
Instarting into the production function yields
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where F is the constant steady state working effort whose
we will figure out later value

Now becomes
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Combining and yields
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STEP 2 Take log linearization and approximation

we know that
CD Equations should still hold after adding shocks
into the model

2 The observed time series of macro variables are

fluctuating closely about their steady state trends

As a result
a We would like to approximatethese equations by
taking first order Taylor expansions on both sides By
doing so we separate the fluctuation terms from the trends
as well as eliminate the non linearity of the system

G We rephrase macro variables in formsof their logarithms
as we care about the percentages of fluctuations rather
than their magnitudes in both theory and empirics So we
often need to take logarithms of both sides before
approximating them

Combine labor market clearing conditions and
I L

Eet ctdykEif
take logarithms Cnet Incl ft In t LInKt 2 InLt th AlnAt

InCt Incl expanftD In HlnKt HnLt th 2 Htt



C b

first order Taylor expansion
LHSunit lnttkhtbllnce.tn t3tthT.kjctt3tnttTqnajtt
RHSUnkt.lnlt.tntD2RHslhkE.lnEt.lnAtIt3YIITf It 15174414 ht
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We know that LHS hot Inft RHS Inkt Inlet hat
we further know LHSClnEE.tn RHSClnkE.lnLtI.lnAt
i e general equilibrium must hold for the economy
with or without shocks
So LHSUna Inft LHSCLncf.lntD RHKlnkt.tnt.lnAt RHSLlnkt lnLt.InAF
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take logarithms
In expchktH lnkt ctsD lntt lnkttlnfl expch.tt Ink expanht In'ED

LHS Inka InKt RHS Ink hkt Inc't InYt LnGt htt
first order Taylor expansion
LHS Inka InKt LHS lnki link't
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Equating the deviations of both sides

Fai ftp.ttt gkttfhjI9tttIEtHntg
4cg1ftS Gt
aiit.cat taH

anaesthetistEight tg AttFFEtHntg

4cg1ftS It LtLuth18 dating

KI 14kt 1 As AI tho Etta Gttheft
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Take a detour
As 18 in this model but not necessarily in other
cases

to partial verification htt Noth 1118 1
intuition production function is CRS
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We treat and sequentially

Hrt dfAt y 11 s
take logarithms of both sides
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Et Ea E Etch rt
substituting into the equation above

Et Eu It 19 EthHEH Itu
where R cottets U D

9 Igt

Takeadetoure theEulerequationcanalsobe
treated in thisway

Define Rt It
Rewrite the Euler equation as
I 1
Etf Etf Rta

In this way and Re are jointly log normal at time t
Forlinearsystem linear optimal rules and evolving equations
we have homoseedasticity property

Intl Varc cover

in HeNEii G
The ovarian matrix is time invariant
randomness in them are from Ea.tt andGatti which enter
in linear ways

Take logarithms of both sides
If X is toy normal then log Ex Eun tear Inx
elkins Inf EtonCRAIG Dt EVartan RHAD
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In a LINEARsystem if a real number Ince and two random
variables InRHI hay satisfies the equation above so

do lnct lnct I.LK f LnR itRTti.andlnEiEtnEutII
Et Eu El Et Crea H

Now the equilibrium dynamics becomes
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5 73 method of undetermined coefficients

In the linear system it is natural to assume that
all decision rules are linear

following the treatment in textbook

Exackket Aca Ait Aco Gt
It ALKI TALAAT 1 Ala Gt



bkkkttbka.AT bkGGt

substituting into yields

ackkftacAATtacfft CATBALDKI CXHBAUDAI BAco.GE
the equality holds for each t

Ack At BALK
Ceqset 1Aca Azt ALA

Acg Az ALG

Now for
bkkkttbka.AT bkqGt CRqtR6AcktRe Aak kT

CAstA6AcAtHALA At
1 ChthoacatheacDGF

bkk X4tR6Ack t the ALK
BKA Asta Aca 1 TheALA Eqset 2
bkg At a thaw
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Now for
Note that EtAntti ftAI Et GI Ta GI
LHS Et Aac Ft KT 1 Aca Anti AI 19calGI Et
aadbkktkttaa.bettAckbkqGttAcAlfa DAttacaCfa DfT
Ackbye 1 It tackbkatacaffa DAttackbratAca E D GI

Hs AgfaAt tagEtfackDF.itdealt f AlaGID
Mfa HALA AI t Rg aufg.GE
1dgcaus D bkkkftbka.AT bkqGT

X9CALk Dbkkkttfd9fACHAutHR9C94 Dbka At
1 AgArafathackie Dbka GI
Aafbkk l 129 Aue Dblue

AckbkatACACIA D RafaCHALa tagCq a
Cellset3

Ackbkg 19cgCfa 7 19Alike tagLau Dbkg



5 74 Calibration

value matching method

2 5 I laborshare

F 0.5 long run TFP growth rate14
a 0.25 population data
8 2 5 annual depreciation ratefor capital islofolagwuwntuingfao.gs EstimateAt detrend to get It use ARCHto fit data

fqeo.gs observe Gt detrend toget GI use Arai to fitdata
0 0.2 inthe long run GtYy 20

1 19 suchthat r f 18 1.59

b 2.519685 such that 1 43 8 hours spentat workperday

Vare Vare Estimate It and It fit data using Akai
needed in simulations not in predictions because
the system is linear



Ack _At BALK
Aca e Azt Aea
Aca Az Aug
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Ackbkk D 129CALK Dbkk

Ackbkatacalfat R9fACHALA 119192kt bkA

Ackbkg 19cg 17 19Alciftaglaue Dbka

Combine we get
bkk R4 that CBA 118 Ack

Q t Q ALK
whereQo R4tM6 Q _431761 118

Substituting into yields
At Gb Rg ALktRg CQotQALk A BALK _0
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Q2 Ai t QsALK t Qq O

ALK E f yt 4IQ4

where Qz Q lb M

03 423 Ra Qo t CRI1dg Q Rz

Qq Nitta Ao R

With all the calibrated values

if Ace 0.6 AGE 0.17

bkk l.o7 X
cannot be the case otherwise a time t shock

It will be amplified over time the system
becomes unstable

So A4 Q t4Q4
2 Q2

O 31

Ack At Az ALK 0.59

Kkk Qof Q ALK 0.95
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Given the values of Ack Ack and bick the remaining
part of the equation system becomes purely linear
It is thus straightforward to home

ALK 0.31

Ack At Baek O59
bKk Qof Q ALK 0.95

ALA i 19
0.35

Ack XaCALK D WHA8 tf DB Raff
Aca Th t B ALA 0.38I

Aca Rz Aq 0.13
bkg Ry t CAH th8 Alg O004

All coefficients determined
Values in textbook verified



STEP 5
Thesystemis used to G fit data simulate Gpredict

G Fit data
plosser 1989 Figures 2 6 for an example

Figure out At It use thesystem to fit data
checkslidey China economy fitting
comparepredictedandobservedmacrovariablesbased on observed

Ant's and Gt's

to simulate the system to characterize the comovement
characteristis of macro variables or to calculate
the probability of a specific event
See table 5.4 in textbook for an example

3 Prediction

Use the linearsystem to predict the pure effects
of some shock on the whole economy over
time

ImpulseResponsefunctions



L stands for lag operator hereafter
Now rewrite l b L ktT bkAAI bkc.GE
recall I fat At Eat 4 A Gt Eat

substituting equations above into yields

E AckLt bkkhjbkaAI ackctbkkljbkaGI.itAcaAI 19caff
IN

E ii G t Eat t
AL

Eat tf EatA baeL IFL
K

Hackl l FAL U fall It
AckbKACI K L L Eat tctbkkDU fGDEA.tt
Ackbkg Cl FAL LEG.tt Ct bkKL 4 FAL Eat

IN
It Ut t th IetUs I I t.lyEA.ttUsEA.t ittlsEA.tt

t th E ait t HEEt l t UgEa t 2
Analogously

It L It 511 It itGIatGEA.ttEEA.tHTGEA.tz.tkEattheEat ith Eet2
Can you determine the Ei's and Ui's



We often treat shocks separately since they are assumed
to be uncorrelated
replicate Figures 5.2 5.4 in textbook

GI O Ft EA 1 East 0 for t 32
So we can figure out the 1 percentage technology shook's

pure effect over time

EA't

It b cAt Eat
Hackl ITAL

or sayIt htt Eai
Et bkktfaII i bkkfaE.ztacaEA.ttcbkaack AcabkkEA.tt
It but It I bkkfAIt z ALAEA.ttlbkAALK ALABKDEA.tt
It bkktfalkti bkkfaktztbkA.EA.tt
Ft Gta Daud t a 2 CHAca At
Vt r R9lIttEt It wT YI LI
ARMAC 2 1 processes

Now replicate Figures 5.2 53 5.4
Do practice with codes


